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1. Introduction

1.1 Description of Problem

Dynamic failure in bound particulate materials is a combination of physical processes
including grain and matrix deformation, intra-granular cracking, matrix cracking, and
inter-granular-matrix/binder cracking/debonding, and is influenced by global initial
boundary value problem (IBVP) conditions. Discovering how these processes occur by
experimental measurements is difficult because of their dynamic nature and the influence of
global boundary conditions (BCs). Typically, post-mortem microscopy observations are
made of fractured/fragmented/comminuted material (Kipp et al., 1993), or real-time
in-situ infrared-optical surface observations are conducted of the dynamic failure process
(Guduru et al., 2001). These observation techniques, however, miss the origins of dynamic
failure internally in the material. Under quasi-static loading conditions, non-destructive
high spatial resolution (a few microns) synchrotron micro-computed tomography can be
conducted (Fredrich et al., 2006)* to track three-dimensionally the internal grain-scale
fracture process leading to macro-cracks (though these cracks can propagate unstably).
Dynamic loading, however, can generate a significantly different microstructural response,
usually fragmented and comminuted material (Kipp et al., 1993). Global BCs, such as
lateral confinement on cylindrical compression specimens, also can influence the resulting
failure mode, generating in a glass ceramic composite axial splitting and fragmentation
when there is no confinement and shear fractures with confinement (Chen and
Ravichandran, 1997). Thus, we resort to physics-based modeling to help uncover these
origins dynamically.

Examples of bound particulate materials include, but are not limited to, the following:
polycrystalline ceramics (crystalline grains with amorphous grain boundary phases, figure
1(a)), metal matrix composites (metallic grains with bulk amorphous metallic binder, figure
1(b)), particulate energetic materials (explosive crystalline grains with polymeric binder,
figure 1(c)), asphalt pavement (stone/rubber aggregate with hardened binder, figure 1(d)),
mortar (sand grains with cement binder), conventional quasi-brittle concrete (stone
aggregate with cement binder), and sandstones (sand grains with clayey binder). Bound
particulate materials contain grains (quasi-brittle or ductile) bound by binder material
often called the “matrix.” The heterogeneous particulate nature of these materials governs
their mechanical behavior at the grain-to-macroscales, especially in IBVPs for which
localized deformation nucleates. Thus, grain-scale material model resolution is needed in
regions of localized deformation nucleation (e.g., at a macro-crack tip, or at the high shear

*Such experimental techniques are not yet mature, but can provide meaningful insight into the origins of
‘static’ fracture, and thus could play an important role in the discovery of the origins of dynamic failure.



(d)

Figure 1. (a) Microstructure of alumina, composed of grains bound by a glassy phase.
(b) Silicon carbide (SiC) reinforced 2080 aluminum metal matrix composite
(Chawla, 2004). The four black squares are indents to identify the region. (c)
Cracking in explosive HMX grains and at the grain-matrix interfaces (Baer,
2007). (d) Cracking in asphalt pavement.

strain rate interface region between a projectile and target material’). To predict dynamic
failure for realistic IBVPs, a modeling approach needs to account simultaneously for the
underlying grain-scale physics and macroscale continuum IBVP conditions.

Traditional single-scale continuum constitutive models have provided the basis for
understanding the dynamic failure of these materials for IBVPs on the macroscale
(Rajendran and Grove, 1996; Dienes et al., 2006; Johnson and Holmquist, 1999), but
cannot predict dynamic failure because they do not account explicitly for the material’s
particulate nature. Direct Numerical Simulation (DNS) directly represents the grain-scale
mechanical behavior under static (Caballero et al., 2006) and dynamic loading conditions
(Kraft et al., 2008; Kraft and Molinari, 2008b). Currently, DNS is the best approach to
understanding fundamentally dynamic material failure, but IT is deficient in the following
ways: (1) it is limited by current computing power (even massively parallel computing) to
a small representative volume element (RVE) of the material and (2) it usually must
assume unrealistic BCs on the RVE (e.g., periodic, or prescribed uniform traction or

"Both projectile and target material could be modeled with such grain-scale material model resolution
at their interface region where significant fracture and comminution occurs. We start by assuming the
projectile is a deformable solid continuum body without grain-scale resolution, and then extend to include
such resolution in the future.



displacement). Thus, multiscale modeling techniques are needed to predict dynamic failure
in bound particulate materials.

Current multiscale approaches attempt to do this, but fall short by one or more of the
following limitations: (1) not providing proper BCs on the microstructural DNS region
(called the “unit cell” by Feyel and Chaboche (2000), extended to account for
discontinuities in Belytschko et al. (2008)); (2) homogenizing at the macroscale the
underlying microstructural response in the unit cell and thus not maintaining a
computational “open window” to model microstructurally dynamic failuret; and (3) not
making these methods adaptive, i.e., moving a computational “open window” with
grain-scale model resolution over regions experiencing dynamic failure.

Feyel and Chaboche (2000) and Belytschko et al. (2008) recognized the complexities and
limitations of unit cell methods as they are currently formulated, implemented, and applied.
Feyel (2003) stated that, in addition to the periodicity assumption for the microstructure
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(impossible to model fracture), “... real structures have edges, either external or internal
ones (in case of a multimaterial structure). In the present FE2 framework, nothing has
been done to treat such effects. As a consequence, one cannot expect a good solution near
edges. This is clearly a weak point of the approach ...” In fact, for a non-periodic
heterogeneous microstructure found in bound particulate materials, we should not expect

predictive results for modeling nucleation of fracture anywhere in the unit cell.

Belytschko et al. (2008) introduced discontinuities into Feyel and Chaboche’s (2000) unit
cell (calling it a “perforated unit cell”) and relaxed the periodicity assumption to model
fracture nucleation, while up-scaling the effects of unit cell discontinuities to the macroscale
to obtain global cracks embedded in the finite element (FE) solution (using the extended
FE method). BCs on the unit cell are an issue, as well as the interaction of adjacent unit
cells. As noted in Belytschko et al. (2008), if regular displacement BCs (i.e., no jumps) are
applied to unit cells that are fracturing, then the fracture is constrained non-physically.
Belytschko et al. (2008) proposed to address this issue by solving iteratively for
displacement BCs by applying a traction instead. What traction to apply is still an
unknown and can be provided by the coarse-scale FE solution. Belytschko et al. (2008)
stated that “... the application of boundary conditions on the unit cell and information
transfer to/from the unit cell pose several difficulties ... When the unit cell localizes,
prescribed linear displacements as given in the analysis are not compatible with the
discontinuities ... The effects of boundaries and adjacent discontinuities are not reflected in
the method.”

iThis is a problem especially for modeling fragmentation and comminution microstructurally.



1.2 Proposed Approach

A finite strain micromorphic plasticity model framework (Regueiro, 2010b) is applied to
formulate a simple pressure-sensitive plasticity model to account for the underlying
microstructural mechanical response in bound particulate materials (pressure-sensitive
heterogeneous materials). Linear isotropic elasticity and nonassociative Drucker-Prager
plasticity with cohesion hardening/softening are assumed for the constitutive equations
(Regueiro, 2009). Micromorphic continuum mechanics is used in the sense of Eringen
(1999). This was found to be one of the more general higher order continuum mechanics
frameworks for accounting for underlying microstructural mechanical response. Until this
work, however, the finite strain formulation based on multiplicative decomposition of the
deformation gradient F and microdeformation tensor x has not been presented in the
literature with sufficient account of the reduced dissipation inequality and conjugate plastic
power terms to dictate the plastic evolution equation forms. We provide such details in this
report.

To illustrate the application of the micromorphic plasticity model to the problem of
interest, we refer figure 2, which illustrates a concurrent multiscale modeling framework for
bound particulate materials (target) impacted by a deformable solid (projectile). The
higher order continuum micromorphic plasticity model is used in the overlap region
between a continuum FE and DNS representation of the particulate material. The
additional degrees of freedom provided by the micromorphic model (microshear,
micro-dilation/compaction, and microrotation) allow the overlap region to be placed closer
to the region of interest, such as at a projectile-target interface. Further, from this
interface region, standard continuum mechanics and constitutive models can be used.

1.3 Focus of Report

Regarding the approach described in section 1.2, this report primarily on the nonlinear
micromorphic continuum mechanics and finite strain elastoplasticity constitutive model
tasks. How this generalized continuum model couples via an overlapping region to the DNS
region (figure 2) is described in sections 2.4 and 2.5.

The discrete element (DE) and/or FE representation of the particulate microstructure is
intentionally not shown so as not to clutter the drawing of the microstructure. The grains
(binder matrix not shown) of the microstructure are “meshed” using DEs and/or FEs with
cohesive surface elements (CSEs). The open circles denote continuum FE nodes that have
prescribed degrees of freedom (DOF's) D based on the underlying grain-scale response,
while the solid circles denote continuum FE nodes that have free DOFs D governed by the
micromorphic continuum model. We intentionally leave an “open window” (i.e., DNS) on
the particulate microstructural mesh in order to model dynamic failure. If the continuum

4
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Figure 2. Two-dimensional illustration of the concurrent computational multiscale mod-
eling approach in the contact interface region between a bound particulate ma-
terial (e.g., ceramic target) and deformable solid body (e.g., refractory metal
projectile).

mesh overlays the whole particulate microstructural region, as in Klein and Zimmerman
(2006) for atomistic-continuum coupling, then the continuum FEs would eventually become
too deformed by following the microstructural motion during fragmentation. The
blue-dashed box at the bottom-center of the illustration is a micromorphic continuum FE
region that can be converted to a DNS region for adaptive high-fidelity material modeling
as the projectile penetrates the target.

An outline of the report is as follows: section 2.1 summarizes the statement of work (SOW)
and the tasks, 2.2 presents the formulation of the nonlinear (finite deformation)
micromorphic continuum mechanics balance equations, sedction 2.3 presents the finite
strain elastoplasticity modeling framework based on a multiplicative decomposition of the
deformation gradient and microdeformation tensor, sections 2.4 and 2.5 describe how the
micromorphic continuum mechanics fits into a multiscale modeling approach, section 3
summarizes the results, and section 4 provides the conclusions and future work.

1.4 Notation

Cartesian coordinates are assumed for easier presentation of concepts and also in order to
define a Lagrangian elastic strain measure E¢ in the intermediate configuration B,



assuming a multiplicative decomposition of the deformation gradient F and
microdeformation tensor y into elastic and plastic parts (section 2.3.1). See Regueiro
(2010) for more details regarding finite strain micromorphic elastoplasticity in general
curvilinear coordinates, and also Eringen (1962) for nonlinear continuum mechanics in
general curvilinear coordinates and Clayton et al. (2004, 2005) for nonlinear crystal
elastoplasticity in general curvilinear coordinates.

Index notation is used so as to be as clear as possible with regard to details of the
formulation. Cartesian coordinates are assumed, so all indices are subscripts, and spatial
partial derivative is the same as covariant derivative (Eringen, 1962). Some symbolic/direct
notation is also given, such that (ab);; = a;;bjk, (A ®@ b)iji = aijbe, (2 ® €)ijk = QimCimk-
Boldface denotes a tensor or vector, where its index notation is given. Generally, variables
in uppercase letters and no overbar live in the reference configuration By (such as the
reference differential volume dV'), variables in lowercase live in the current configuration B
(such as the current differential volume dv), and variables in uppercase with overbar live in
the intermediate configuration B (such as the intermediate differential volume dV'). The
same applies to their indices, such that a differential line segment in the current
configuration dz; is related to a differential line segment in the reference configuration d.X;
through the deformation gradient: dz; = F;;dX; (Einstein’s summation convention
assumed [see Eringen, 1962; Holzapfel, 2000]). In addition, the multiplicative
decomposition of the deformation gradient is written as Fy; = F5F7 (F = FFP), where
superscripts e and p denote elastic and plastic parts, respectively. Subscripts (e); () ; and
(e) ; imply spatial partial derivatives in the current, intermediate, and reference
configurations, respectively. A superscript prime symbol ()" denotes a variable associated
with the microelement for micromorphic continuum mechanics. Superposed dot

(0O) = D(0O)/Dt denotes material time derivative. The symbol & implies a definition.

2. Technical Discussion

2.1 Statement of Work (SOW) and Specific Tasks

Bound particulate materials are commonly found in industrial products, construction
materials, and nature (e.g., geological materials). They include polycrystalline ceramics
(e.g., crystalline grains with amorphous grain boundary phases), energetic materials (high
explosives and solid rocket propellant), hot asphalt, asphalt pavement (after asphalt has
cured), mortar, conventional quasi-brittle concrete, ductile fiber composite concretes, and
sandstones, for instance. Bound particulate materials contain particles® (quasi-brittle or
ductile) bound by binder material often called the “matrix.”

§We use “particle” and “grain” interchangeably.



The heterogeneous nature of bound particulate materials governs its mechanical behavior
at the particle- to continuum-scales. The particle-scale is denoted as the scale at which
particle-matrix mechanical behavior is dominant, thus necessitating that particles and
matrix material be resolved explicitly (i.e., meshed directly in a numerical model),
accounting for their interfaces and differences in material properties. Currently, there is no
approach enabling prediction of initiation and propagation of dynamic fracture in bound
particulate materials—for example, polycrystalline ceramics, particulate energetic
materials, mortar, and sandstone—accounting for their underlying particulate
microstructure across multiple length-scales concurrently. Traditional continuum methods
have provided the basis for understanding the dynamic fracture of these materials, but
cannot predict the initiation of dynamic fracture without accounting for the material’s
particulate nature. DNS of deformation, intra-particle cracking, and
inter-particle-matrix/binder debonding at the particle-scale is limited by current
computing power (even massively parallel computing) to a small RVE of the material, and
usually must assume overly-restrictive BCs on the RVE (e.g., fixed normal displacement).

Multiscale modeling techniques are clearly needed to accurately capture the response of
bound particulate materials in a way accounting simultaneously for effects of the
microstructure at the particle-scale and BCs applied to the engineering structure of
interest, at the continuum-scale. The services of a scientist or engineer are required to
develop the mathematical theory and numerical methodology for multiscale modeling of
bound particulate materials of interest to the U.S. Army Research Laboratory (ARL).

The overall objective of the proposed research is to develop a concurrent multiscale
computational modeling approach that couples regions of continuum deformation to
regions of particle-matrix deformation, cracking, and debonding, while bridging the
particle- to continuum-scale mechanics to allow numerical adaptivity in modeling initiation
of dynamic fracture and degradation in bound particulate materials.

For computational efficiency, the solicited research use DNSs only in the spatial regions of
interest, such as the initiation site of a crack and its tip during propagation, and uses a
micromorphic continuum approach in the overlap and adjacent regions to provide proper
BCs on the DNS region, as well as an overlay continuum to which to project the underlying
particle-scale mechanical response (stress, internal state variables [ISVs]). The
micromorphic continuum constitutive model accounts for the inherent length-scale of
damaged fracture zone at the particle-scale, and thus includes the kinematics to enable the
proper coupling with the fractured DNS particle region. Outside of the DNS region, a
micromorphic extension of existing continuum model(s), with the particular model(s) to be
determined based on ARL needs, of material behavior is used.

This SOW calls for development of the formulation and finite element implementation of a



finite strain micromorphic inelastic constitutive model to bridge particle-scale mechanics to
the continuum-scale. The desired result is formulation of a model that enables more
complete understanding of the role of microstructure-scale physics on the
thermomechanical properties and performance of heterogeneous materials of interest to
ARL. These materials could include, but are not limited to, the following: ceramic
materials, energetic materials, geological materials, and urban structural materials.

2.1.1 Specific Tasks

Specific tasks, and summary of what was accomplished for each task.

1. Investigate and assess specific needs of ARL researchers with regards to multiscale
modeling of heterogeneous particulate materials. Determine, following discussion with
ARL materials researchers, the desired classical continuum constitutive model to be
reformulated as a micromorphic continuum constitutive model and used in the region
outside and overlapping partially the DNS window, for material(s) of interest to
ARL. For example, polycrystalline ceramics models include those of Johnson and
Holmquist (1999) or Rajendran and Grove (1996) and energetic materials include
those following Dienes et al. (2006). A finite strain Drucker-Prager pressure-sensitive
elastoplasticity model [Regueiro, 2009] was selected as a simple model approximation
to start, with future extension to the more sophisticated constitutive model forms
mentioned in the task 1. This model is presented in section 2.3.3.

2. Formulate theory and numerical algorithms for a finite strain micromorphic inelastic
constitutive model to bridge particle-scale mechanics to the continuum-scale based on
the decided constitutive equations from task 1.

See the summary for task 1.

3. Initiate finite element implementation of the formulated finite strain micromorphic
wmelastic constitutive model in a continuum mechanics code.

The finite element implementation has been initiated in the password-protected
version of Tahoe tahoe.colorado.edu, where the open source version is available at
tahoe.cvs. sourceforge.net. This report focuses on the theory; while details of the
finite element implementation and numerical examples will follow in journal articles
and a future report.

4. Interact with ARL researchers in order to improve mutual understanding (i.e.,
understanding of both principal investigators [Pls] and of ARL) with regards to
dynamic fracture and material degradation in bound particulate materials and
associated numerical modeling techniques.



We are continuing to interact with ARL researchers regarding their needs for this
research problem.

5. Formulate an algorithm to couple finite strain micromorphic continuum finite
elements to DNS finite elements of bound particulate material through an overlapping
TEGILON.

The formulated algorithm is presented in section 2.5.

6. Initiate implementation of coupling algorithm in task 5 using FE code Tahoe (both for
micromorphic continuum and DNS). Future extension can be made for coupling
micromorphic model (Tahoe) to DNS model (ARL or other FE, or particle/meshfree,
code).

The coupling algorithm has been initiated for a finite element and discrete element
coupling. Extension to other DNS models of the grain-scale response is part of future
work (see section 2.5).

2.2 Nonlinear Micromorphic Continuum Mechanics
2.2.1 Kinematics

Figure 3 illustrates the mapping of the macroelement and microelement in the reference
configuration to the current configuration through the deformation gradient F and
microdeformation tensor x. The macroelement continuum point is denoted by P(X, E) and
p(x,&,t) in the reference and current configurations, respectively, with centroid C' and c.
The microelement continuum point centroid is denoted by C” and ¢ in the reference and
current configurations, respectively. The microelement is denoted by an assembly of
particles, but in general represents a grain/particle/fiber microstructural sub-volume of the
heterogeneous material. The relative position vector of the microelement centroid with
respect to the macroelement centroid is denoted by E and (X, E,t) in the reference and
current configurations, respectively, such that the microelement centroid position vectors
are written as (figure 3) (Eringen and Suhubi, 1964; Eringen, 1999)

X}( ZXK+EK s $;€ ZZEk(X,t)—i-fk(X,E,t) (1)

Eringen and Suihubi (1964) assumed that for sufficiently small lengths ||E|| < 1 (|| o] is
the Ly norm), £ is linearly related to E through the microdeformation tensor y, such that

gk(Xv E7t) - XkK(X7t)EK (2)



Figure 3. Map from reference B to current configuration B accounting for relative posi-
tion E, £ of microelement centroid C’, ¢ with respect to centroid of macroele-
ment C, ¢. F and x can load and unload independently (although coupled
through constitutive equations and balance equations), and thus the addi-
tional current configuration is shown.

where then the spatial position vector of the microelement centroid is written as

), = 11X, 1) + Xrre (X, 1) 2k (3)

This is equivalent to assuming an affine, or homogeneous, deformation of the macroelement
differential volume dV' (but not the body B; i.e., the continuum body B is expected to
experience heterogeneous deformation because of x, even if BCs are uniform). It also
simplifies considerably the formulation of the micromorphic continuum balance equations
as presented in (Eringen, 1964; Eringen, 1999). This microdeformation x is analogous to
the small strain microdeformation tensor ¢ in Mindlin (1964), physically described in his
figure 1. Eringen (1968) also provides a physical interpretation of y generally, but then
simplies for the micropolar case. For example, x can be interpreted as calculated from a
microdisplacement gradient tensor ® as x = 1+ ®, where ® is not actually calculated from
a microdisplacement vector u’, but a u’ can be calculated once ® is known (see equation
265). The microelement spatial velocity vector (holding X and E fixed) is then written as

10



V= i = @k + & = vk + vy (4)

where §k = XkKZK = XkKXI_(%& = &), v is the macroelement spatial velocity vector,
Vkl = Xk KX;(% (v = xx~!) the microgyration tensor, similar in form to the velocity gradient
Vg, = FkKF};ll (E = FFil).

Now we take the partial spatial derivative of (equation 3) with respect to the reference
microelement position vector X, to arrive at an expression for the microelement
deformation gradient FY, as (see appendix A)

Ixkr (X, 1)
Xy "

—|— (XkA(X>t> — FkA(X,t) —

anM(X,t): 8EA (5)
0x, M) oXg

where the deformation gradient of the macroelement is Fi = 0x(X,t)/0Xk. The
microelement deformation gradient Fj , maps microelement differential line segments

dx) = F} - dX'k and volumes dv’ = J'dV’, where J' = det F’ is the microelement Jacobian
of deformation. This is presented for generality of mapping stresses between By and B, By
and B, B and B, but will not be used explicitly in the constitutive equations in section
2.3.3.

2.2.2 Micromorphic Balance Equations and Clausius-Duhem Inequality

Using the spatial integral-averaging approach in Eringen and Suhubi (1964), we can derive
the balance equations and Clausius-Duhem inequality summarized in equation 57. The
rationale of this integral-averaging approach over dv and B in the current configuration is
to assume the classical balance equations in the microelement differential volume dv’ must
hold over integrated macroelement differential volume dv, in turn integrated over the
current configuration of the body in B. This approach is applied repeatedly to derive the
micromorphic balance equations in equation 57.

Balance of mass: The microelement mass m’ over dv can be expressed as

m’:/ p’dv':/ podV’ (6)
dv av

where pj = p'J', J' = det F'. Then, the conservation of microelement mass m’ is
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Dm/’
= 7
Di (7)

D
— "av’
Dt /,Odv Di / pJ

/
/DJ ) o

P , v /
p— d f—
/(Dﬁpal)v :

Thus, the pointwise (localized) balance of mass over dv is

Dy 0y
T _ g 8
e (8)

Now, consider the balance of mass of solid over the whole body B. We start with the
integral-average definition of mass density:

pdv dﬁf/d pldv 9)

The total mass m of body B is expressed as

m = / pdv = / {/ p’dv'] = / [/ p'J'dV’} (10)
B B LJdv By LJav
Then, for conservation of mass over the body B, we have
/ T/
Do [ ([ DYy

Dp' 0y
= —1dv| =0 11
/B /dv Dt T Oz, v (11)

—_———
=0

Then, the balance of mass in B leads to the standard result
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Dm D
“ " = Z | pdv=0
Dt Dt )
D(pJ
_ [ D),
5, Dt

Dp 81}1
= Ly p=L)dv= 12

Localizing the integral, we have the pointwise satisfaction of balance of mass for a single
constituent (in this case, solid) material:

Dp 81}1
=r —— =0 13
Dt Poz (13)

Balance of microinertia:

Given that =g is the position of microelement dV'’ centroid C” in the reference
configuration with respect to the mass center of the macroelement dV centroid C' (see
figure 3), we have the result

/d ) PhERdV’ =0 (14)

This can be thought of as the first mass moment being zero because of the definition Zx as
the “relative” position of C" with respect to C' (the mass center of dV') (Eringen, 1999).
The second mass moment is not zero, and in the process a microinertia I, in By is defined
as

polrrdV & / phExZLdV (15)
dv

Likewise, a microinertia i;; in B is defined as

13



. def
pigdv = /Plﬁk&dvl (16)
dv
= /p/XkKEKXlLELdU/
dv
= Xk:KXlL/ Po=rZLdV’
dv
= XerXiLPolkrdV = xerXinplkrdv
= Ix1 = XwpXL ikl (17)

The balance of microinertia in By is then defined as

D DIk
— I dV = dV =0 18
Dt Bopo KL BOPO Di ( )
Dlx, _ 4 (D .
Dt XKkXL[ Dt kalal latak

Di

-1 -1 kl : .

= PX X ( — Vkalal — Vlazak) dv=20

Localizing the integral, and factoring out pxj(}clel, the pointwise balance of microinertia in
B is

b
D—Z’j — Vkalal — Vigiak = 0 (19)

Balance of linear momentum and the first moment of momentum: To derive the

micromorphic balance of linear momentum and the first moment of momentum (different
than angular momentum), Eringen and Suhubi (1964) followed a weighted residual
approach, where the point of departure is that balance of linear and angular momentum in
the microelement dv’ over dv are satisfied:

Oy + 0 (fp —ap) =0 (20)
Ul,k = U;cl (21)

where microelement Cauchy stress ¢’ is symmetric (macroelement Cauchy stress o will be
shown to be symmetric). Using a smooth weighting function ¢’ (to be defined for three
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cases), the weighted average over B of the balance of linear momentum on dv is expressed
as

J{ [ ¢ ot #t -]} =0 (22)

where (o), = d(e)’/Ox;. Applying the chain rule (¢'o}, ), = ¢',07, + @0y, we can rewrite
equation 22 as

L4 (e = oot dotsi— gy =0 (23)

/aza {/d (¢'ou,)myda } + /B {/dv (=00, + 0/ (fr — ai)] dv’} =0 (24)

We consider three cases for the weighting function ¢’ leading to three separate
micromorphic balance equations on B:

1. ¢’ =1, balance of linear momentum

2. ¢ = enmi,,, balance of angular momentum, where e, is the permutation tensor
(Holzapfel, 2000)

3. ¢ = x/ , balance of the first moment of momentum

Substituting these three choices for ¢ into equation 24, we can derive the respective
micromorphic balance equations on B:

1. ¢’ =1, balance of linear momentum:

[ [{fyn-is}-s e

The spatial-averaged definitions of unsymmetric Cauchy stress oy, body force fi, and

acceleration ay are used to derive the micromorphic balance of linear momentum:

opmda & /Ul’kngda/ (26)
da

e frdo! 27

phedv = | ¥ fidv (27)

padv o /pakdv (28)
dv



From equation 25 and equations 26-28, there results

/88 alknlda + /Bp(fk — ak)dv =0 (29)
/B (ot + p(fe — an)] dv = 0 (30)

Localizing the integral, we have the pointwise expression for micromorphic balance of
linear momentum

Og + p(fr —ar) =0 (31)

Note that the macroscopic Cauchy stress oy, is unsymmetric.

; ’ ’
2. ¢ = enmrt,,, T,

[ A eomtatiatoniaay + [ { [ o [=atacteot o= ao] o'} = o
o8 \Jda B UJdv ’

/ {/ enmk((xm"i_gm)al/k)n;da/}

oB da

+/B {/d enmi [~k + 0/ (@ + &) (fi — a)] dv’} =0 (32)

= Xy + &, balance of angular momentum:

where x;, , = O, / 0z} = 0. We analyze the terms in equation 32, using
a), = ay, + &, and & = (Vhe + Viplue)Ee, such that

/ {/ enmk((xm%—fm)al'k)ngda'} = / enmkxm/ oynyda’
oB da oB da
%,_/

= alknlda

/ Cnmk / Ulkfmnlda
oB da

= mlkmnlda

= enmk/ [Tmoumy + Mugmny) da
OB

€nmk/[Umk+$m01k,l+m1km,l] dv (33)
B
/{/ Cnmk [— O] d ’} ——enmk// o edv = enmk/smkdv (34)
B dv dv

djfs rdv
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/B{/dv Cnmk [0/ (T + Em) [7] dv’} = /Benmkxm /dv o fidv’
N

) frodv

+/6nmk/ p/fllcfmdv/
B dv
N ——

d;fpekmd'u

= enmk/ (Xmpfr + plem) dv (35)
B

/B {/dv Enmk [0/ (Tm + &m) (—ay,)] d”’} = —Cnmk /B {/dv O (T, + Toni + Emar,

+5mgk‘)dvl}

= _enmk/ zmak/ p,dvl
B dv

def

= pdv
+xm(1)kc+1/kb1/bc)/ p'Edv’ +ak/ p'Endr’
Jdv Jdv
-0 -0
+/ p/ékfmdv/
dv
N —
défpwkmdv
- _enmk/ [xmpak + pwkm] dv (36)
B

where myy,, is the higher order (couple) stress, s, is the symmetric microstress, (i,
is the body force couple, and wy,, is the micro-spin inertia. Combining the terms, we
have

enmk/ Lo (O + p(fre — ar)) + Ok = Sk + Mgy + P(lem — Wem) | dv =0
B NS

-0
enmk/ [Omk = Smk + Mukmi + P(Lkm — Wem )] dv =0 (37)
B

Thus, upon localizing the integral,
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Enmk [Jmk — Smk + Mikm,l + p(gkm - wkm)] =0 (38)

Omk] = S[mk] TMafkm]l + P(Llkm] — Wiem)) = 0 (39)
~—
=0
resulting in
Olmk] + M) 1 + PLlkm) — Wikm)) = 0 (40)

where the antisymmetric definition oppx = (0pk — 0rm)/2. Equation 40 is the
pointwise balance of angular momentum on B, providing three equations to solve for
a microrotation vector ¢y, (Eringen, 1968). But we want to solve for the general
nine-dimensional microdeformation tensor xg, thus we need six more equations.
The balance of the first moment of momentum provides these additional equations.

. ¢’ =, balance of the first moment of momentum: The analysis follows that used

for the balance of angular momentum, except we do not multiply by the permutation
tensor e,,x. Thus, we may write equation 38 directly without e,,:

Tk — Smk + Magmg + P(Lrm — Wim) = 0 (41)

This, in general, provides nine equations to solve for a microdisplacement gradient
tensor @, through the definition xxx = dxx + Prx. We note that euation 41
encompasses equation 40 (the three antisymmetric equations), and provides six
additional equations (the symmetric part of equaiton 41) (Eringen and Suhubi, 1964).

Balance of energy: It is assumed the classical balance of energy equation holds in

microelement dv’ over macroelement dv as

/ plédv = / (Ul/clvl/,k + QI/c,k + p'r')dv’ (42)
dv dv

where €’ is the microinternal energy density per unit mass, ¢, the micro-heat flux, and »’

the micro-heat source density per unit mass. This is then integrated to hold over the whole
body B as

/ { / p/e/d«/} -/ { [ Gt + i+ W)du} (43)
B dv B dv
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The individual terms in equation 43 can be analyzed, using v; = v; + fl = U + Vim&m,
a; = a; + &, and O-I,cl,k: = p'(a; — f]):

/ péd =
dv

/ J];ﬂ)l/’kdv/ -
dv

/ e'dV’ = Di / poe'dV' = (poedV) = poedV = pédv  (44)
av

dﬁfpoedV pedv

/d [(ohvt) o — ol o] o’ (45)

/ !/ /
da dv

/ U;cl(vl + Vlmgm)n;cda, - / p'(a; - fl,> (Ul + Vlmgm)dv
da

dv
AN A / 1 og1 1o gl 1l gl
vl/ o nida +Vzm/ opémnida —vl/ p a;dv +vl/ P fidv
da da dv dv
%/_/ ~ ' o ~ ' ' o
d:efa'klnkda d:efmklmnkda d:efpaldl) dﬁfpf dv
—u ¢ dy' — /& dv' LEe dy!
Im Q] P gm UV —Vim p glgm U AV p fl gm v
dv dv dv
—_—— —_—— A —
=0 d:efpwlmdv d:efpzlmdv
def
/ qunidd = qngda (46)
da
prdv (47)

Substituting these terms back into equation 43, we have

/pédv = / (vlakmk+Vlmmklmnk)da—/vlp(al—fl)dv—/ulmp(wlm—ﬁlm)dv
B oB B B

+/ qknkda+/prdv (48)
oB B

= / v(or ke + p(fi — a)) + Vi (Mg + Pl — Wim,))
B N J/ N J/

' '
=0 =Sml—Oml

FVLRO kL + Vi kMim + Qe + pr] dv

Localizing the integral, the pointwise balance of energy over B becomes

P€ = Vi (Smi — 1) + V1kOkt + Vign e Msim, + Qe + P (49)
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Second Law of Thermodynamics and Clausius-Duhem Inequality: We assume the second

law is valid in microelement dv’ over dv such that

D AN / 1 /o / / p'?“’ /

— | p'ndv — —qpnpda’  — dv' >0 (50)
Dt )4 da 0 aw 0

Jgo P17 0 piydv La %),kdv/d:ef(%ﬂ),kdv defor gy

Note that no microtemperature ¢ is currently introduced (Eringen. 1999). Integrating over
B, localizing the integral, and multiplying by macrotemperature 6, we arrive at the
pointwise form of the second law as

: 1 q pr
/Bpndv - /B (5C]kk - @97{) dv — /B ?dv >0 (51)

) 1
P01 — Qi g + §Qk9,k —pr=0 (52)

We derive the micromorphic Clausius-Duhem inequality by introducing the Helmholtz free
energy function v, and using the balance of energy in equaiton 49. Recall the definition of
¥ (Holzapfel, 2000), and its material time derivative leading to an expression for pfn in
equation 52 as

Y =e—0n (53)
h=¢—6n— 07 (54)
pOn = pé — pbn — py (55)

Upon substitution into equation 52 and using equation 49, we arrive at the micromorphic
Clausius-Duhem inequality:

. . 1
—p( +n0) + op(vie — vik) + Skl + MitmVim k. + a%e,k >0 (56)
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Summary of balance equations: The equations are now summarized over the current

configuration B as

balance of mass : % + pvr =0
pdv o Lo, PV’

balance of microinertia : Dg’;‘ — Vim®mi — Vimtme = 0

o def
piwdv = [, p'&&d’

balance of linear momentum : oy, + p(fx —ax) =0
def
owmda = [, opndd
def
pfkdv = fdvp fkdv
pakdv = fd plasdv

balance of first moment of momentum : ,,; — Sy —|— mklm g+ Pl — wWim) =0 (57)
s dv & fd ol dv
Miagmpda 2 Lo Ori&mmida’
def Iy ’
pglmdv = fdy P fl Smd’l)
def -
pwimdv = [, p&GEmdv’

balance of energy :  pé = (sg — Og)Vik + OriVLE
TMgimVim,k + Gk, + PT

Clausius — Duhem inequality : —p(¢ + 776) + o (Vg — Vi) + Sklik
Mg Vim ke + %le,k >0

where D(e)/Dt is the material time derivative, ix; is the symmetric microinertia tensor, oy
is the unsymmetric Cauchy stress, fi the body force vector per unit mass, f; is the body
force vector per unit mass over the microelement, a; is the acceleration, s,,; is the
symmetric microstress, my;,, the higher order couple stress, ¢;,, the body force couple per
unit mass, wy,, the microspin inertia per unit mass, e is the internal energy per unit mass,
vy, is the microgyration tensor, vy is the velocity gradient, v, is the spatial derivative of
the microgyration tensor, ¢ is the heat flux vector, r is the heat supply per unit mass, 1 is
the Helmholtz free energy per unit mass, 7 is the entropy per unit mass, and 6 is the
absolute temperature. Note that the balance of first moment of momentum is more general
than the balance of angular momentum (or “moment of momentum” [Eringen, 1962]), such
that its skew-symmetric part is the angular momentum balance of a micropolar continuum
(see equation 40)). Recall that the Cauchy stress o/, over the microelement is symmetric
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Figure 4. Differential area of microelement da’ within macroelement da in current con-
figuration B.

because the balance of angular momentum is satisfied over the microelement (Eringen and
Suhubi, 1964).

Physically, the microstress s defined in equation 57, as the volume average of the Cauchy
stress o’ over the microelement, can be interpreted in the context of its difference with the
unsymmetric Cauchy stress as s — o (Mindlin (1964) called this the “relative stress”). This
is the energy conjugate driving stress for the microdeformation y through its microgyration
tensor v = yx ! in equation 575, and also the reduced dissipation inequality in the
intermediate configuration equations 95 and 98 as ¥ — S (the analogous stress difference in
B). In fact, we do not solve for s or 3 directly, but constitutively we solve for the
difference s — o0 or ¥ — S (see equation 118). The higher-order stress m is analogous to the
double stress p in Mindlin (1964) with physical components of microstretch, microshear,
and microrotation shown in his figure 2. For example, mq5 is the higher order shear stress
in the x5 direction based on a stretch in the x; direction. Using the area average definition
for mygm, we have mian; = (1/da) [, o1,&n)da’, where o7, is the normal microelement
stress in the x; direction, and &5 is the shear couple in the x5 direction.

2.3 Finite Strain Micromorphic Elastoplasticity

This section proposes a phenomenological bridging-scale constitutive modeling framework
in the context of finite strain micromorphic elastoplasticity based on a multiplicative
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decomposition of the deformation gradient F and microdeformation tensor y into elastic
and plastic parts. In addition to the three translational displacement vector u degrees of
freedom (DOFs), there are nine DOF's associated with the unsymmetric microdeformation
tensor y (microrotation, microstretch, and microshear). We leave the formulation general
in terms of y, which can be further simplified depending on the material and associated
constitutive assumptions (see Forest and Sievert (2003, 2006)). The Clausius-Duhem
inequality formulated in the intermediate configuration yields the mathematical form of
three levels of plastic evolutions equations in either (1) Mandel-stress form (Mandel, 1974),
or (2) an alternate ‘metric’ form. For demonstration of the micromorphic elastoplasticity
modeling framework, J, flow plasticity and linear isotropic elasticity are initially assumed,
extended to a pressure-sensitive Drucker-Prager plasticity model, and then mapped to the
current configuration for semi-implicit numerical time integration.

The formulation presented here differs from other works on finite strain micromorphic
elastoplasticity that consider a multiplicative decomposition into elastic and plastic parts
(Sansour 1998, Forest and Sievert, 2003, 2006) and those that do not (Lee and Chen, 2003;
Vernerey et al., 2007).

Sansour (1998) considered a finite strain Cosserat and micromorphic plastic continuum,
redefining the micromorphic strain measures (see equation B-) in appendix B) to be
invariant with respect to rigid rotations only, not also translations. Sansour did not extend
his formulation to include details on a finite strain micromorphic elastoplasticity
constitutive model formulation, as this report does. Sansour proposed to arrive at the
higher-order macro-continuum by integrally-averaging micro-continuum plasticity behavior
using computation. Such an approach is similar to computational homogenization, as
proposed by Forest and Sievert (2006) to estimate material parameters for generalized
continuum plasticity models. On a side note, one advantage to the micromorphic
continuum approach by Eringen and Suhubi (1964) is that the integral-averaging of certain
stresses, body forces, and microinertia terms are already part of the formulation. This
becomes especially useful when computationally homogenizing the underlying
microstructural mechanical response (e.g., provided by a microstructural FE or DE
simulation) in regions of interest, such as overlapping between micromorphic continuum
and grain/particle/fiber representations for a concurrent multiscale modeling approach
(figure 12).

Forest and Sievert (2003, 2006) established a hierarchy of elastoplastic models for
generalized continua, including Cosserat, higher grade, and micromorphic at small and
finite strain. Specifically with regard to micromorphic finite strain theory, Forest and
Sievert (2003) follows the approach of Germain (1973), which leads to different stress
power terms in the balance of energy and, in turn, Clausius-Duhem inequality than
presented by Eringen (1999). Also, the invariant elastic deformation measures do not
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match the sets 89 and B-1 proposed by Eringen (1999). Upon analyzing the change in
square of microelement arc-lengths (ds’)? — (dS’)? between current B and intermediate
configurations B (cf. appendix C), then either set 89 or B-1 is unique. Forest and Sievert
(2003, 2006) proposed to use a mix of the two sets, i.e. equations 8);, B-15, and B-13, in
their Helmholtz free energy function. When analyzing (ds’)? — (dS’)?, they would also need
(B-1); as a fourth elastic deformation measure. As Eringen proposed, however, it is more
straightforward to use either set 89 or B-1 when representing elastic deformation. The
report presents both sets, but we use equation 89. Mandel stress tensors are identified in
Forest and Sievert (2003, 2006) to use in the plastic evolution equations. This report
presents additional Mandel stresses and considers also an alternate “metric”-form often
used in finite deformation elastoplasticity modeling.

Vernerey et al. (2007) treated micromorphic plasticity modeling similar to Germain (19730
and Mindlin (1964), which leads to different stress power terms and balance equations than
in Eringen (1999). The resulting plasticity model form is thus similar to Forest and Sievert
(2003), although does not use a multiplicative decomposition and thus does not assume the
existence of an intermediate configuration. An extension presented by Vernerey et al.
(2007) is to consider multiple scale micromorphic kinematics, stresses, and balance
equations, where the number of scales is a choice made by the constitutive modeler. A
multiple scale averaging procedure is introduced to determine material parameters at the
higher scales based on lower scale response.

In general, in terms of a multiplicative decomposition of the deformation gradient and
microdeformation, as compared to recent formulations of finite strain micromorphic
elastoplasticity reported in the literature (just reviewed in preceding paragraphs), we view
our approach to be more in line with the original concept and formulation presented by
Eringen and Suhubi (1964), Eringen (1999), which provide a clear link between
microelement and macroelement deformation, balance equations, and stresses. Thus, we
believe our formulation and resulting elastoplasticity model framework is more general
than what has been presented previously. The paper by Lee and Chen (2003) also follows
closely Eringen’s micromorphic kinematics and balance laws, but does not treat
multiplicative decomposition kinematics and subsequent constitutive model form in the
intermediate configuration, as this report does. We demonstrate the formulation for three
levels of J, plasticity and linear isotropic elasticity, as well as pressure-sensitive
Drucker-Prager plasticity, and numerical time integration by a semi-implicit scheme in the
current configuration B.

2.3.1 Kinematics

We assume a multiplicative decomposition of the deformation gradient (Lee, 1969) and
microdeformation (Sansour, 1998; Forest and Sievert, 2003, 2006) (figures 5), such that
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F=FF |, y=x% (58)

Fox = FigFg » Xek = XerXgx

Given the multiplicative decompositions of F and Y, the velocity gradient and

microgyration tensors can be expressed as

( = FF ! =FF ! L FLPF ! =(° P (59)
ug = FgFq + Fglh Fooy =G, + 0
E%C* - FJgBFpJ_Blé
vo= XX =X XD =0 (60)
vik = XjaX a T XipLEeX cr = Vie + ik

TXP _ P . p—l
Lge = XX e

In the next section, the Clausius-Duhem inequality requires the spatial derivative of the

microgyration tensor, which split into elastic and plastic parts based on (60). Thus, it is

written as

Vim,k

Ve + VP (61)
Vi T Vi,
Vi = XX dm — Yin X5 X Do (62)
Vi ke = (Xleé’,k Xéa T Xie X%A,k — XiF Exﬁ’g* X%A,k) XAm

Vi Xaa kX im (63)

The spatial derivative of the elastic microdeformation tensor Vx¢ is analogous to the small

strain microdeformation gradient X in Mindlin (1964), and its physical interpretation in

figure 2 of Mindlin (1964). For example, X7, , is an elastic microshear gradient in the

direction based on a microstretch in the x; direction. Furthermore, just as differential

macroelement volumes map as

dv = JdV = JJPdV = J°dV (64)

where J¢ = det F¢ and JP = det F?, then microelement differential volumes map as
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Figure 5. Multiplicative decomposition of deformation gradient F and microdeformation
tensor x into elastic and plastic parts, and the existence of an intermediate
configuration B. Since F¢, F?, x¢, and x* can load and unload independently
(although coupled through constitutive equations and balance equations), ad-
ditional configurations are shown. The constitutive equations and balance
equations presented in the report govern these deformation processes, and so
generality is preserved.
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dv' = JdV' = JYJPdV’ = J¢dV’ (65)

where J¢ = det F¥ and J? = det F’. F¢ and F” have not been defined from equation 5),
and are not required for formulating the final constitutive equations. Likewise, according to
micro- and macroelement mass conservation, mass densities map as

po = pJ=pJJ=pJ’ (66)
p6 — le/ — p/Je/Jp/ — ﬁ/(]p/ (67)

This last result was achieved by using a volume-average definition relating macroelement
mass density to microelement mass density as

pdv déf/ pdv' . podV déf/ podV', pdV = /_ pdv’ (68)
dv v d

\%

This volume averaging approach by Eringen and Suhubi (1964) is used extensively in
formulating the balance equations and Clausius-Duhem inequality in section 2.2.2.

2.4 Clausius-Duhem Inequality in B

This section focusses on the Clausius-Duhem inequality mapped to the intermediate
configuration to identify evolution equations for various plastic deformation rates that
must be defined constitutively, and their appropriate conjugate stress arguments in B.

From a materials modeling perspective, it is often preferred to write the Clausius-Duhem
inequality in the intermediate configuration B, which is considered naturally elastically
unloaded, and formulate constitutive equations there. The physical motivation lies with
earlier work by Kondo (1952), Bilby et al. (1955), Kroner (1960), and others, who viewed
dislocations in crystals as defects with associated local elastic deformation, where
macroscopic elastic deformation could be applied and removed without disrupting the
dislocation structure of a crystal. More recent models extend this concept, such as papers
by Clayton et al. (2005, 2006) and references therein. The intermediate configuration B
can be considered a “reference” material configuration in which fabric/texture anisotropy
and other inelastic material properties can be defined. Thus, details on the mapping to B
are given in this section. Recall that the Clausius-Duhem inequality in equation 57 was
written using localization of an integral over the current configuration B, such that
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. . 1
/ {—PW +10) + or (Vg — vik) + Saik + MpimVim e + 5611@9,1@ dv >0 (69)
B
Using the microelement Piola transform o’y = F“;, RS*}—(EF “1/J¢ and Nanson’s formula
nyda’ = J¢ Fg’kle I%dfl/ , the following mappings of the area-averaged unsymmetric Cauchy
stress o, volume-averaged symmetric microstress s, and area-averaged higher order couple
stress m terms are obtained as

def
Omilmda = / o' un,, da’
da

o L
= /. TaEmrSunEin T Fip, NGdA!
_ / F Sl g N d A

- JA INYMN*"M

— F5 Sy NydA

where SMNNMdA déf F]%a_l /dA Fjjlé 7:4]§Nz/4d;1/

- 1
recall NydA = EF;Mnmda
1 _
= ﬁF;MSMNFﬁV Nmda (70)
=0ml

s

e 1 Q [/
Sgidv o / o dv’ = / ﬁFlf}( wrlip e dV’
dv B av
where YgzdV o F;%i_lFfj_l /d‘_/ Eeleae} Sr7dV"

1 e \ e
~—

=Skl
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def / / /
Mpmneda = /aklﬁmnkda
da

1 —
- / o Pk Sk X = Py Ngd A

= | Fifow Sk EuNpad
dA
= FZLXmMMKLMNKdA

where Mgy NedA < Fe ! / F8 By NedA'
dA
1
recall NidA = —
Je
1
— JBFE FLXmMMKLM nkd& (72)

Fgnida

g

~~
=MEkim

where S 7 1s the symmetric second Piola-Kirchhoff stress in the microelement intermediate
conﬁguratlon (over dV), Sg is the unsymmetric second Piola-Kirchhoff stress in the
intermediate configuration B, ¥z is the symmetric second Piola-Kirchhoff microstress in
the intermediate configuration B, My ; is the higher order couple stress written in the
intermediate configuration, and N the unit normal on dA. In general, F # F¢, but the
constitutive equations in section 2.3.3 do not require that F¢ be defined or solved.

Using the mappings for p and dv, and the Piola transform on ¢, the Clausius-Duhem
inequality can be rewritten in the intermediate configuration as

/ [—ﬁ(i +70) + Joow(vir — vin) + J st
B
1. _
Vg (FeaEexemMeinr) + gWrbi|dV 20 (73)

Individual stress power terms in equation 73 can be additively decomposed into elastic and
plastic parts based on equations 59-61. Using equation 61, the higher order couple stress
power can be written as
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where the spatial derivative with respect to the intermediate configuration B can be
defined as

[

(o) & = (o) Fex

The other stress power terms using equations 59 and 60 are written as

e _ e e Q__ ~e TP Q_._
Sowuy = FpFipSkp+ CrpliprSii
elastic plz;s,tic
e _ e e e Q_ _ Te TXP.e—lpmpe Q__
J OV — SF}ZVlkaI?> SK[J/+:IIEELEF‘X F‘ka'I_(SKLJ
elastic pl;;;ic
e _ e e e O Te T7XP.e—1pmpe v _ _
Sosuvw = (FpvinFie) 2o+ VI lppX mFir kL
elastic plz;sftic

where C‘E 5 = P Fep is the right elastic Cauchy-Green tensor C°¢ = F°"F¢ in B, and

e = F1x% s an elastic deformation measure in B as ¥ = Felye (cf. appendix C).

LE

Similar to Eringen and Suhubi (1964) for a micromorphic elastic material, the Helmholtz

free energy function in B is assumed to take the following functional form for micromorphic

elastoplasticity as

pw(Fe7 X67 ?Xe7 Z7 ZX7 sz’ 9)
PU(Fig Xigs Xiwt 10 Zics Z3er 2 1,0)

where Z is a vector of macro strain-like ISVs in B, Z ;‘—( is a vector of micro strain-like

ISVs, and Z}% 7 1s a spatial derivative of a vector of micro strain-like ISVs. Then, by the

chain rule
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where an artifact of the “free energy per unit mass” assumption is that

D(p e Nk Jr D(p
) PO) T+ 7 = i = () + DY)

(81)

where we used the result j = D(po/.J?)/Dt = —pJ?/JP. Substituting equations 74-78 and
equations 80, 81 into equation 73, and using the Coleman and Noll (1963) argument for

independent rate processes (independent Fe

Sv a(ﬁ&) Fefl

KL = o i
8Fk 7

= O(PY) et e 0(PY) 1es

Si = e P+ PR P
oFc. Th KeXeA X 5
—FFB e (p¢) Fefl

Kd dMEa e _ Lf
fM,E

M a(epw) Feil
an;Mj(
. o(py

v Xiier DXk &)/ Dt, and ), the
Clausius-Duhem inequality is satisfied if the following constitutive equations hold:

(82)

(83)

(84)

(85)

For comparison to the result reported in equation 6.3 of Eringen and Suhubi (1964), we

map these stresses to the current configuration, using
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= % (Fﬁkaa(gé) + ZA%(;;ZM + Xjoir, ;Egjl) (87)

Mt = %FISRE%X;M i = % a@ (?&l Fyg Xonar (88)

The equations match those in (6.3) of Eringen and Suhubi (1964) if elastic, i.e. F¢ = F,
x¢ = x. We prefer, however, to express the Helmholtz free energy function in terms of
invariant—with respect to rigid body motion on the current configuration B—elastic
deformation measures, such as the set proposed by Eringen and Suhubi (1964) as

Chr = FerFip » Yo = FerXor » Ukinr = FeaXeru (89)

We have good physical interpretation of F¢ (and F?) from crystal lattice mechanics (Bilby
et al., 1955; Kroner, 1960; Lee and Liu, 1967; Lee, 1969), while the elastic microdeformation
X¢ has its interpretation in figure 5 of this report (elastic deformation of microelement) and
also figure 1 of Mindlin (1964) for small strain theory. The spatial derivative of elastic
microdeformation V¢ has it physical interpretation in figure 2 of Mindlin (1964), and was
earlier in this report described for example, as x{; , is the microshear gradient in the z,
direction based on a stretch in the z; direction (although directions are not exact here
because of the spatial derivative with respect to the intermediate configuration B). The
Helmholtz free energy function 1) per unit mass is then written as

PO(CE B T 7. 7% VT 6) (90)
PU(Ckrs Vir Tins Zi 23 Z 1, 0)

and the constitutive equations for stress result from equations 82-84 as
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Yri = 2?%;2 —i-QSyjn [%C’E; _ZB]
Mgim = ;)F(efzi (93)

where sym [e] denotes the symmetric part. These stress equations 91-93 when mapped to
the current configuration are the same as equations 6.9-11 in Eringen and Suhubi (1964) if
there is no plasticity, i.e. F¢ = F and x° = x. To consider another set of elastic
deformation measures and resulting stresses, refer to appendix B.

The thermodynamically-conjugate stress-like ISVs are defined as

~ def O(pY) Ay et O(U) vy det O(pY))
K K,L

which are used in the evolution equations for plastic deformation rates, as well as multiple
scale yield functions, where we assume scalar Z, ZX, V.ZX, and @Q, QX, QVX. The stress-like
ISVs in section 2.3.3 are physically interpreted as yield stress () and QX for
macro-plasticity (stress S calculated from elastic deformation) and micro-plasticity (stress
difference 3 — S calculated from elastic deformation), respectively, while QVX is a higher
order yield stress for microgradient plasticity (higher order stress M calculated from
gradient elastic deformation).

The remaining terms in the Clausius-Duhem inequality lead to the reduced dissipation
inequality expressed in localized form in two ways: (1) Mandel form with Mandel-like
stresses (Mandel, 1974), and (2) an alternate ‘metric’ form. Each leads to different ways of
writing the plastic evolution equations, and stresses that are used in these evolution
equations. From equation 73, the reduced dissipation inequality in Mandel form is written
as
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where OX5 " = X X L n Ui = X“ Lo I iy, skw [o] denotes the skew-symmetric
part defined as

2skw (o) € [LSETE T ] — (L5 VdTns]

(96)

and the spatial derivative of the micro-scale plastic velocity gradient is

L = XpsX" i)

. X, -1
= K= (X%B,f( — Lpg X%B,f() X’ it (97)
_ rels _ _ _ _
The Mandel stresses are SgpC%;, CXy V5y(Xa5 — Sap)V%;, and Mgy Vs 5, where the
first one is well known as the “Mandel stress,” whereas the second and third are the
relative micro-Mandel-stress and the higher order Mandel couple stress, respectively. We

rewrite the reduced dissipation inequality equatin 95 in an alternate “metric” form as

S e T 3 q Te TXP AX.e—1Te
+Sk1 (Cgplig) + (Crr — Skn) [V L3rCry Yix] (98)
+Mgru {@%Digﬁm — 20 Jskw [LS2UE TS }} > ()

DC*CF~ FMK

Form of plastic evolution equations: Based on equation 95, in order to satisfy the reduced

dissipation inequality, we can write plastic evolution equations to solve for F' [7%
X% ; in Mandel stress form as

p
o X and
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L1 = Hx (SC5,Q) (99)
solve for Ff . and Fip = FkKpr}lf(
Lyg = M (C) (8 - 8)¥, Q) (100)
solve for x% . and X}z = Xer X gk
- TP Tre—lie gV \ e OV
Lisrg = 25%w [L5eVer Trnr] = Hpyr (ME, QYY)
(101)

p e _ _ e p p—1
solve for Xir X L = (Xkr,L — XkAXAK,E)X KK

where the arguments in parentheses (o) denote the Mandel stress and stress-like ISV to use
in the respective plastic evolution equation, where H, HX, and HVX denote tensor
functions for the evolution equations, chosen to ensure that convexity is satisfied, and the
dissipation is positive. This can be seen for the evolution equations in 102-104 by the
constitutive definitions in equations 120, 124, and 128 in terms of stress gradients of
potential functions (i.e., the yield functions for associative plasticity). In an alternate
“metric” form, from equation 98, we can solve for the plastic deformation variables as

il = Hix (5.Q) .
solvefor F? _and F = FuxF"
Te  TXP AGe—1lTe [] 3 S QO
PelErCin Vin = Hig (2 -8,QY) (103)

solve for x”. . and xj z = Xk XP o
Te TX ST TXoP \Tre—17e _ gV V il a\%
ToLlin ke — 2V pskw [LEeVE T hne] = Hijfx (M, QYY)
(104)

p € — _ € p P—
solve for X&KL and XkR,L — (XkK,L - XkAXgK,E)X KK

We use this “metric” form in defining evolution equations in section 2.3.3.

Remark 1. The reason that we propose the third plastic evolution equation 101 or 104 to
solve for X% KL directly (not calculating a spatial derivative of the tensor XZI?_(K from a FE
interpolation of x?) is to potentially avoid requiring an additional balance equation to solve
in weak form by a nonlinear FE method (refer to Regueiro et al. (2007) and references
therein). With future FE implementation and numerical examples, we will attempt to
determine whether equations 101 or 104 leads to an accurate calculation of X% KL In
Regueiro (2010), a simpler anti-plane shear version of the model demonstrates the two
ways for calculating Vx?, either by an evolution equation like in equations 101 or 104, or a
FE interpolation for x? and corresponding gradient calculation Vx?. Note that in Forest
and Sievert (2003), for their equation 1553, they also propose a direct evolution of a
gradient of plastic microdeformation.

35



2.4.1 Constitutive Equations

The constitutive equations for linear isotropic elasticity, Jo flow associative plasticity, and
Drucker-Prager nonassociative plasticity with scalar ISV hardening/softening are
formulated. We define a specific form of the Helmholtz free energy function, yield
functions, and evolution equations for ISVs, and then conduct a semi-implicit numerical
time integration presented in section 2.3.4.

2.4.2 Linear Isotropic Elasticity and J; Flow Isochoric Plasticity
Helmholtz free energy and stresses: Assuming linear elasticity and linear relation

between stress-like and strain-like ISVs, a quadratic form for the Helmholtz free energy
function results as

o odef 1o £ - 1s 5
pY = éEe‘zAKEMN Je\z]v+§ wiBrimnEix
1_6 ~ e e N ce
5k Crnnrlypg + Exi DrinnEy
[ R
+§HZ +§HX(ZX) +§Z§?HR§Z,XE (105)

Note that the ISVs are scalar variables in this model, which are related to scalar yield
strength of the material at two scales, macro and micro, and H and HX are scalar
hardening/softening parameters, and P_IIZ% is a symmetric second order hardening/softening
modulus tensor, which we assume is isotropic as HIY{% = (HVX)dz1. Elastic strains are
defined as (Suhubi and Eringen, 1964) 2E%; = C%; — g and €57 = V%; — 0. The
elastic moduli are defined for isotropic linear elasticity, after manipulation of equations in
Suhubi and Eringen (1964) as
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Agimy = MNgidun + 1 Ogidiy + 0gn0rir) (106)

Briwny = (0—7)0ri0mun + kOgidin + vognori
~0(0gmdrn + OrnOrar) (107)
wiineo = T (Ori0in0p0 + 0ka0ridnp)

+72 (0r20mPONnG + Ok i101GONp)

+730k1031GONP + Ta0RNOLITOPG

+75 (Or mOrn0pg + 0k POLNIONG)

+T60rn0LpONG + TrORNOLPOMG

+78 (0 pOr@OmN + 0r@OrNOmp) + To0r N 0L P

+T100 g POLN 0510 + T110RGOLPONIN (108)
Dgimny = TOrpdmn +0(0gmdry + 0gxOri) (109)

where AKEMN and DR’EMN have major and minor symmetry, while BI?ZMN and CRZMNPQ
have only major symmetry, and the elastic parameters are \, u, n, 7, kK, v, 0, T, ... T11.
Note that the units for 7 ... 7y, are stressxlength? (e.g., Pa.m?), thus there is a built-in
length-scale to these elastic parameters for the higher order stress. The elastic modulus
tensors Agrirn, Briin, and Dgpyn are not the same as in (Eringen, 1999) because
different elastic strain measures were used, but the higher order elastic modulus tensor
Crin ~po 1s the same. Note that A is the typical linear isotropic elastic tangent modulus
tensor, and A and p are the Lamé parameters. After some algebra using equations 91-94,
and 105, it can be shown that the stress constitutive relations are

ki = AgiunEiy + Drpun€iny
+(DgeinEsyy + Breun€sy) [Cri€is + 015
+Craonral5paClg Lone (110)
Sk = AgiunEgy + Dreuniy

+2Sym{ DKLMNEMN—i_Bk MN ]\_4]\7) [Ce 1(‘:6 +5EB}

+CrpenralpaCio Tane (111)

Mg = Crimnpalypg (112)
Q = HZ (113)
QX = HXZX (114)
)y = HYZ% (115)

Note that the units for HVX are stressxlength? (e.g., Pa.m?), thus there is a built-in
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length-scale to this hardening/softening parameter for the higher-order stress-like ISV.
Assuming elastic deformations are small, we ignore quadratic terms in equations 110 and
111 relative to the linear terms, leading to the simplified stress constitutive equations for
Sr; and Lz; as

Skr = (Agims + Diimw)Esy + (Brims + Drinw)Exy
= (A7) (Ef)0gr +2(n+0)Eg (116)
+n(€§—m)5m + HE%E + VSER
Y = AT (Eyy)dgr +2(u+0)Ey g (117)

+0(Exp i) 0kE + 2sym (K€L + vEf£]
Note that the stress difference used in equation 103 then becomes

S-S = k& +vE (118)

Sii—Sikr = kE g +vEp;

Yield functions and evolution equations: In this discussion, three levels of plastic
yield functions are defined based on the three conjugate stress-plastic-power terms
appearing in the reduced dissipation inequality equation 98, with the intent to define the
plastic deformation evolution equations such that equation 98 is satisfied. This allows
separate yielding and plastic deformation at two scales (micro and macro) including the
gradient deformation at the micro-scale. If only one yield function were chosen to be a
function of all three stresses (S, X, M), then yielding at the three scales would occur
simultaneously, a representation we feel is not as physical as if the scales can yield and
evolve separately (although coupled through balance equations and stress equations for S
and X). Recall the plastic power terms in equation 98 come naturally from the kinematic
assumptions F = F°F? and y = x“x?, and from the Helmholtz free energy function
dependence on the invariant elastic deformation measures C¢, ¥¢, T, and the plastic
strain-like ISVs Z, ZX, and V.ZX.

macroscale plasticity: For macroscale plasticity, we write the yield function F as

FS,a) ¥ |devS|—a<0 (119)
[devS]| = /(devS) : (devS)
(devS) : (devS) = (devSry)(devSry)



where @ is the macro yield strength (i.e., stress-like ISV Q o a)

The definitions of the plastic velocity gradient L? and strain-like ISV then follow as

e T df . OF
islr = Y950 (120)
OF -
— N =
D5rr KL
2 devSir
Ngi = K
FE | devs]|
—~ def - aF_’ -
7z = —H— = 121
55 = (121)
a = HZ (122)
where 7 is the macroplastic multiplier.
Micro-scale plasticity: For micro-scale plasticity, we write the yield function FX as
XS -8,a¥) € ||dev(E = 8)|| —a* <0 (123)

C45(Cap — Sap)| C&

where aX is the micro yield strength (stress-like ISV QX o aX). Note that at the

microscale, the yield strength aX can be determined separately from the macroscale
parameter a.

Remark 2. We use the same functional forms for macro and micro plasticity (FX with
similar functional form as F, but different ISVs and parameters), but this is only for the
example model presented here. It is possible for the functional forms to be different when
representing different phenomenology at the micro and macroscales. More micromechanical
analysis and experimental data are necessary to determine the microplasticity functional
forms in the future.

The definitions of the microscale plastic velocity gradient LX? and strain-like ISV then
follow as
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Te  TXoP x.e—le =
VielprCiy Yar = Vo — (124)

=X (125)
aX = HXZX (126)
where X is the micro plastic multiplier.

Microscale gradient plasticity: For microscale gradient plasticity, we write the yield
function FVX as

FY(M,a"") ¥ ||devM]| — |a¥¥|| <0 (127)

e o o [ o
devMpyg = Mpjg — (C° )iy [gCABMABK]

where aVX is the microgradient yield strength (stress-like ISV QVX o aVX) Note that at

the gradient microscale, the yield strength can be determined separately from the micro
and macroscale parameters, which is a constitutive assumption. The definitions of the
spatial derivative of microscale plastic velocity gradient VLX? and strain-like ISV then
follow as

vV
def -7y OF VX

S L — 29 pskw [LSeVEaTong] = s (128)
OFVx devMgixg
OMgry ~devM]|
D(Z’XA) def 5V oF _ (iyvx) O?ZX (129)
Dt dax la¥x]
ayX = HVXZX (130)

where 4VX is the microplastic gradient multiplier.
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Remark 3. The main advantage to defining constitutively the evolution of the spatial
derivative of the microscale plastic velocity gradient VLXP in equation 128 separate from
the microscale plastic velocity gradient LX? in equation 124 (i.e., no PDE in x ) is to
avoid FE solution of an additional balance equation in weak form. One could allow VLX?
and VZX to be defined as the spatial derivatives of LX? and ZX, respectively, but then the
plastic evolution equations are PDEs and require coupled FE implementation (such as in
Regueiro et al. (2007)). We plan to implement the model, after time integration in section
2.3.4, within a coupled finite element formulation for the coupled balance of linear and first
moment of momentum, and thus avoiding another coupled equation to include in the FE
equations is desired.

Remark 4. With these evolution equations in B, equation 120 can be integrated
numerically to solve for F? and in turn F¢, equation 124 can be integrated numerically to
solve for x? and in turn x¢, and equation 128 can be integrated numerically to solve for
VP and in turn Vx°. Then, the stresses S, ¥ — S, and M can be calculated and mapped
to the current configuration to update the balance equations for FE nonlinear solution.
Such numerical time integration is carried out in section 2.3.4; and FE implementation is
ongoing work.

2.4.3 Drucker-Prager Pressure-Sensitive Plasticity

Following the “metric” form in equation 98, the J; flow plasticity model is generalized to
include pressure-sensitivity of yield and volumetric plastic deformation (dilation only for
now, i.e., no cap on the yield and plastic potential surfaces that allows plastic compaction,
e.g., pore space collapse).

macroscale plasticity: For macroscale plasticity, we write yield F' and plastic potential G

functions as

F(S,6) ¥ |devS|| — (A% — B%p) <0 (131)
21/6
¢ _ po ¢ _ BP o ¢ _
A B%cos¢p, B B%sing , G 3T o
[devS]| = /(devS) : (devS)
(devS) : (devS) = (devSty)(devSry)
Q el 1 ~e Q ~e—
devSz; < Spj - (§ 4B AB) T
el oy o 1., &
pe 3CapSap = 3C°:8
G(S,e) ¥ |devS| — (A% — B¥p) (132)
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where ¢ is the macro cohesion, ¢ is the macro friction angle, ¢ is the macro dilation angle,
and —1 < G <1 (8 =1 causes the Drucker-Prager yield surface to pass through the
triaxial extension vertices of the Mohr-Coulomb yield surface, and = —1 is the triaxial
compression vertices). Functional forms of A¥ and BY are similar to A? and B?,
respectively, except ¢ is replaced with ¢). The yield and plastic potential functions have the
usual functional form for pressure-sensitive plasticity with cohesive and frictional strength,
as well as dilatancy (Desai and Siriwardane, 1984).

Remark 5. To satisfy the reduced dissipation inequality, it can be shown that ¢ >
(Vermeer and de Borst, 1984) which also has been verified experimentally. We note that
¢ > 1) leads to nonassociative plasticity, which violates the principle of maximum plastic
dissipation (Lubliner 1990), but does not violate the reduced dissipation inequality. It is
well known that frictional materials like concrete and rock exhibit nonassociative plastic
flow, and thus such features are also included here. An associative flow rule is reached
when the friction and dilation angles are equal, ¢ = .

The definitions of the plastic velocity gradient L? and strain-like ISV then follow as

~e T def - aé
Tplg = Y95 (133)
oG 1
fa deVS'KL
Ner = K
KL devS||
=gt . O0G .
7z = —7%—14% (134)
¢ = HZ (135)

where 7 is the macroplastic multiplier, and the stress-like ISV is Q e

Remark 6. Note that the functional forms of the plastic evolution equations are similar to
those dictated by the principle of maximum plastic dissipation [Lubliner, 1990], except that
a plastic potential function G is used in place of the yield function F' (i.e., nonassociative).
For purposes of discussion, we show the evolution equations for small strain plasticity:

épdﬁf.@ cdef . Og

V3 (= 13, (136)

where € is the plastic strain, and ( the strain-like ISV. nonassociative plasticity violates the
principle of maximum plastic dissipation, but we use similar functional forms that satisfies
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the reduced dissipation inequality (i.e., the second law of thermodynamics is satisfied).

Microscale plasticity: For microscale plasticity, we write the yield FX and plastic potential
GX functions as

FX(£—=8,8¢) = |[dev(Z —8S)|| — (A%%eX — BY*pX) <0 (137)

21/6

AX? = 3% cog HX 7 BX? — 3%%gin ¢X ’ X0
& ¢ PEsngt P = e s gx

GX(=—-8,2) € |[dev(

[02]]
|
[02]]
|
—~
I
=
<
Ql
<
|
oy
=
<
a1
N3
SN—

(138)

where ¢X is the microcohesion, ¢X is the microfriction angle, ¥X is the micro dilation angle,
and —1 < X < 1, which are material parameters for the microscale. Functional forms of
AXY and BXY are similar to AX? and BX?, respectively, except ¢X is replaced with )X,
Note that at the microscale, the cohesion, friction, and dilation angles can be determined
separately from the macroscale parameters, and likewise the yielding and plastic
deformation.

Remark 7. We use the same functional forms for macro and microplasticity (FX and GX
with similar functional form as F' and (), but this is only for the example model presented
here. It is possible for the functional forms to be different when representing different
phenomenology at the micro and macroscales. More micromechanical analysis and
experimental data are necessary to determine the pressure-sensitive microplasticity
functional forms in the future.

The definitions of the microscale plastic velocity gradient LX? and strain-like ISV then
follow as

o xp e lge | def - oG~
telErCry Vin = fo?(im s (139)
OGX S 1 _
_ _ = NX_ o+ ZBX¥QCe..
O(Sgr—Sgr) 3 o

7x  def _*xaGX _ AXVEX
Z _7 e AXYy (140)
& = [YZX (141)



where 74X is the microplastic multiplier, and QX = L ox,

Microscale gradient plasticity: For microscale gradient plasticity, we write the yield FVX
and plastic potential GVX functions as

FYX(M,e¥%) = [|ldevM]| — (AV¥?[|cVY|| — BY*?|p¥Y])) <0 (142)
2v/6
Vx,¢ _ 3Vx,¢ Vx Vx,¢ _ aVx,¢ Vx Vx,¢ _
A =0 cosp¥X |, B =0 singp¥X | [ 37 s g%
def e—

deVMIJK = 1271‘( C 1

vy def 1 50 -

P 3CapManrk

GYVX(M,e¥%) = ||ldevM]| — (AV¥¥[[e¥¥|| — BYX||p¥x|) (143)

where ¢VX is the microgradient cohesion, VX the microgradient friction angle, VX the
microgradient dilation angle, and —1 < VX < 1, which are material parameters for the
gradient microscale. Functional forms of AV*% and BVX¥ are similar to AVX? and BVX:?,
respectively, except ¢VX is replaced with ¥/VX. Note that at the gradient microscale, the
cohesion, friction, and dilation angles can be determined separately from the micro and
macroscale parameters, which is a constitutive assumption. The definitions of the gradient
of microscale plastic velocity gradient VLXP and strain-like ISV then follow as

def ;VX aGVX

ioLh g — 295 pskw [LEeVERTEmr] = 7 X 50— (144)
aMKLM
OGY*  devMg 1 X
( evMpgrir 4z BVx,wC;_(E ]fj\v/[
OMpry  |ldevM]|| [PVl
. g, OGVX o O
7% AT AV (3VX) A 145
AT T O e (145)
,ZX _ HVXZ)% (146)

)

where 4VX is the micro plastic gradient multiplier.

Remark 8. With these evolution equations in B, equation 133 can be integrated
numerically to solve for F? and in turn F¢, equation 139 can be integrated numerically to
solve for x? and in turn x°, and equation 144 can be integrated numerically to solve for
VP and in turn Vx°. Then, the stresses S, 3 — S, and M can be calculated and mapped
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to the current configuration to update the balance equations for finite element nonlinear
solution. Such numerical time integration are carried out in section 2.3.4 for the form of
the constitutive equations after mapping to the current configuration.

Mapping constitutive equations to current configuration B: often, the constitutive
equations in the intermediate configuration are mapped to the current configuration
Eringen and Suhubi [1964], and the material time derivative is taken to obtain an objective
stress rate and corresponding stress evolution equation in B (cf. Moran et al. (1990); Simo
(1998b)). Recall the stress mappings in equations 86-88, which when we take the material
time derivative, leads to the following equations

Te

1 .
Op = L + ( pioi + opily + ;FekI?SRZFelE (147)
. X .
Sk = ~ oSk + (Cpisi + Skl + ﬁFek;RZRZFelE (148)
Te .
Mkt = _kalm + 0 hiMip + Mo 015 + MtV i + ﬁFekf(FezZXemM KLM
(149)

To complete these equations, we need the material time derivative of the stresses in the
intermediate configuration, Siz, Yz, and Mgy, as well as the mapping of the plastic
evolutions equations to the current configuration. Given the constitutive equation for Sz
in equation 116, we can write

Spr = O+ 1) (ESm)drr + 2+ 0)ESy +n(€m)0rE

‘Hié%i + l/é[gj( (150)
where E;—“—[ =C¢, /2 and gKZN = \Iji\?uv We can show that
~e e je re e e e e e e—1
CMN - 2F;Mdiij1\7 ) dij = (Eij + gji)/Q ) gij = FJF Ij (151)
Vyn = FueiXin . 5 =vi+0i, vi=XixXy (152)

where d° is the symmetric elastic deformation rate in B, and £ a mixed micro-macro
elastic velocity gradient in B. Then we can write
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FISI?SI_(EF’I% = ()\+T)(be de) i +2(M+U) Zz ze] ]l+n( ze 6) Zl

LV

+rbyEs 05 + vbEs; (153)
where the left elastic Cauchy-Green tensor is bf; = Fg Fiy and a mixed elastic deformation

tensor ¢f; = Fi5;Xy- It is then possible to write the material time derivative of the stress
J
difference map as

Fir(Xgrr — I-@)Fe = /ibhé“ .+ I/bkle’:‘w 0 (154)
For the couple stress, the material time derivative is written as

win = Crimnpal §pg (155)

We can rewrite the gradient of elastic microdeformation as

I e e def e—1 e
FN77 =F NﬁynqupPFqQ ) Pynpq =X Aan/i,q (156)
such that
T5p0 = Fiy ”Vnpq XorFg (157)
°€  def .
ﬂynpq Vnpq + EZnVapq + Vnpageq + %iaq’/sp (158)

Then, the couple stress material time derivative map becomes

Fie P Meri = [1 (5t g + 00 k)
7 (BRab mpb g + Vo 100 )
F130 Y oV pp T TA 1 U kn
+75 (¢ekmbeln¢eqp + 1/)elm¢ekpbenq)
+7_6wekmwelpbenq + 7—7beknwelpweqm
78 (Vb 100 i + D hgb 1D )
+790 k0 160 mp + T10Y b 1V

o€

7110 kg 1Y ] Vpa (159)
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e e e . . .
where b%¢,,, = x¢ W Xpir In summary, we have the stress evolution equations in B as

Op = _J_:Uk:l + kioa + ol +
% [N+ ) (0335 )0k + 2+ )0 ki 50 51 + (Y% 3565) 0w
+rb Rief 0 5+ v ey ejk] (160)
Skl — Ok = _g(skl — o) + Chi(sa — oa) + (Ski — o)l +
%(nb%a;wﬁ U Sy ) (161)

Mkl = = e Mkim + CRiMim + M 1 + MgV s +

1 e e e e e e e e e ekmye e
ﬁ |:7—1 (b kl¢ nmw qp + w lmw npb kq) + T2 (b klbx7 mpb ng + w k b lqw np)
+7—3beklweqmwenp + 7—4welmbeknweqp + Ts (wekmbelnweqp + welmwekpbenq)

+7—6wekmwelpbenq + 7—7beknwelpweqm + 78 (wekpbelqwenm + bekqbelan7emp)

o€
+7—9beknbelqbX7emp + Tlowekpbelnweqm + Tllbekqwelpwenm} rynpq (162)
where objective elastic stress rates are defined as
| def . e e e
O = Okl — gkiail — O'kz’gli + diiakl (163)
U def . .
= (S — ) — Lpi(Sa — o) — (Ski — ori) b} + diy(Sk1 — o) (164)
(Skl - Ukz)
O def . e e e €
Mitm = Mopm — Lo Mitm — Miim L — Myl + dggMiym (165)

where .J¢/.J¢ = d¢,. The stress rates on o and (s — o) are recognized as the elastic Truesdell
stress rates (Holzapfel, 2000), whereas the stress rate on the higher order stress is new, and

d
can similarly be defined as an elastic Truesdell higher order stress rate. To show m is
objective, consider a rigid body motion (Holzapfel, 2000), with translation ¢ and rotation
Q (orthogonal: QQT = 1) on the current configuration B, resulting in B*, such that

Xt =c+Q(x+¢&) =c+ QX (166)

Recall the definition of the higher order stress through the area-averaging, but now on the
translated and rotated configuration BT as
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def
mi,nida = / o &hnitdad
da
where )] = Qa0 Qi » &y = Qmele , 1) = Qrany

= Qra0 o QuvQmelcQranyda’
da

= Qra </d agb&n&da’> QuQmcQrd

-~

def
= Mgapcnqda
- Qkamachlemc n]i—da (167)

ot
=Mim

We employ the standard results (Holzapfel, 2000)

£e+ = Qu+ Qkigijlj (168)
Vi = Qo+ QuivgQuy (169)
dze:r = dy (170)

. Ot
where Q; = QraQie. We substitute into the expression for m |, with after some tensor

0
algebra, we can show that m is objective:

O + def
= 5t e-I—
My, = Mgy, — b,

= Qra(Muatm — L5 Mitm — Mipgimly; — MutiVin; + A5iMtin) QuoQme

O
= Qra Mpim Qus@Qme (171)
q.e.d.

- e+ e+
ilm mmmg mklz 'mi +d mklm

Now, to map the plastic evolution equations, we start with the macroscale plasticity. The
yield and plastic potential functions in B become

F(o,c) = J%|deve|®— J° (A% — B%) <0 (172)
||deval|© o \/(devaij)be;ibe;(devamn)
1 1
devo;; = 0i5 — (gakk) dij, pP= 3 Okk
G(o,c) = J°|deval|®— J° (A% — B'p) (173)
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where be;jl =F BX;}ZF e;—jj. The map of the plastic velocity gradient and strain-like ISV
become

oG
P = A 174
Ik Vaakz ( 74)
oG _, devoy, . 1
— =J b —2 et + ZBYS
Dor, ( ko f[devale” ¥ T3 “)
Z = —78—G:A%J€ (175)
Oc
c = HZ (176)

Next, for microscale plasticity, the yield and plastic potential functions in B become

FX(s —0,cX) = J%|dev(s — 0)||° — J¢ (AXPcX — BX9pX) <0 (177)

pX = g(Skz - Ukl)5kl

GX(s—0,¢X) = J%dev(s — o)|° — J® (A¥¥YcX — BXYpX) (178)

The map of the plastic microgyration tensor and strain-like ISV become

OGX
P X 179
Vik ! 3(8kz - Ukz) ( )
0GX _ dev(sab — Uab) 1 1 )

= J Ve 0+ S BYYS

(s — o) ( ke lldev(s —a)|lc” ® "3 M
. X
77X = —yxaafx = AXV4 J° (180)
X = HXZX (181)

For microscale gradient plasticity, the yield and plastic potential functions in B become

F¥(m,c¥) = J¢|devm|X — J* (AV[[eVX|[x — BYX?|]p¥X|X) <0 (182)

leTX | = 3 embe e

devm|[x & devmg)be: toe - tooe Y devim,,,
J m- gn P

kp
def _ 1
Ip¥X|IX = pZXbxﬁemipZX . peX = 3 Mkkm
GYX(m,cVY) = J°|devm|[X — J¢ (AV¥?|[cVX[X — BYX¥||p¥X||X) (183)
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The map of the gradient plastic microgyration tensor and strain-like ISV become

OGVX
e = (X 184
Vim,k (¥ )amklm (184)
OGVX devmg, 1 pVx
=g et b b 4 Z BV a  pxe-l
Orrnan (Hdevmllx e
. OGVX VX
X = _ . Vx :AVX,w . Vx Je b bx,efl . 185
,a (7 )aCaVX (’7 ) ||CVX||X b ( )
oX = HYXZXDS* (186)

Remark 9. It is reassuring to see that the left hand sides of the plastic deformation
evolution equations 174, 179, 184 simplify considerably in the current configuration from
the forms in the intermediate configuration 133, 139, 144. They are further simplified when
assuming small elastic deformations.

Remark 10. Solving numerically for the increment of me . leads to the solution of the
increment of vf, ;, and, in turn, the evolution of the couple stress my;, over time. We see
this by taking the spatial derivative of the microgyration tensor as

Vimk = Viimpk + VW imk (187)
Vimgk = [ X1k Xem) &
Voimk = Vimk = V10V ame TV amY 1ak (188)

Remark 11. With the definition of the plastic evolution equations, plastic deformation
can be calculated, and elastic deformation updated to calculate the stresses. A FE
implementations solve these equations. We take advantage of the small deformation
elasticity, such that elastic deformation in the current configuration, bei_jl, b¢;j, ete., can be
approximated by the second-order unit tensor ¢;;.

To illustrate the implementation, we apply assumptions for small elastic deformation in the
next section.

Small elastic deformation and Cartesian coordinates for current configuration
B: Assuming small elastic deformation, the tensors bei_jl, bijs Vi bxvei_j1 ~ 0;; and J¢ = 1,
when multiplied by another variable that is not d;; or 1, such as be,;aldevaabbegll ~ devoy,.
Also, the rate of elastic volumetric deformation is J¢ /J¢ = dS;. With these approximations,

in summary, we have the stress evolution equations in B as
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o = —(di)op + 00 + orily; + (X + 7)(d5;) 00 + 2(1 + 0)dy,

e e e
+n(e5)0m + Kepy + vey,
. d e e e e e
Sp— 0w = —(di) (s — om) + pi(sa — oa) + (ki — opi) b + ke, + vey
o€
. e e & e
Miim = —(di)Mktm + LMt + Mk £y + MptiV; + Chimnpg Vpg

Crtmnpg = T1 (0k10nmOgp + OtmOnpOig) + T2 (0ki0mpOng + Okm0igOnp)
+730510gmOnp + Ta01mOknOgp + T5 (OkmOimdgp + OtmOkpong)
+T60kmO1pOng + T70kn01pOgm + T8 (SkpdigOnm + OkgOinOmp)
+790kn01g0mp + T100kpOinOgm + T110kq01pOnm

The yield and plastic potential functions in B become

F(o,¢) = |/deve| — (A%c— B%p) <0
|deval| = /(devoy;)(devy)

3 3
G(o,c) = |deve|| — (AYc— B¥p)

1 1
devo;; = 045 — (—Ukk) Oij , D= 70kk

The map of the plastic velocity gradient and strain-like ISV become

oG
/4 — VAR,
glk B vaakl
0G devakl 1
= ~B%§
dom  Jdevol] 37 K
oG
7 - _.__Aw.
Y e Y
c = HZ

(189)
(190)

(191)

(192)

(193)

(194)

(195)
(196)

Notice that 7 = 4(0G /0o)T. Next, for microscale plasticity, the yield and plastic potential

functions in B become

FX(s—0,¢X) = ||dev(s—o)| — (A¥?cX — BX?pX) <0
1
pX = g(skk — Okk)
GX(s—0,cX) = ||dev(s —o)| — (A¥YeX — BYYpX)

ol

(197)

(198)



The map of the plastic microgyration tensor and strain-like ISV become

P ax 0GX
lk (8K — o)
0GX dev(skl — Ukl) 1
= +=BYY§
sp — o) |[dev(s—o)| ' 3 &
. 0GX
X —  _AX — AXYAX
Y Dex Y
X = HXzx

(199)

(200)
(201)

For microscale gradient plasticity, the yield and plastic potential functions in B become

F¥(m,ec™) = |[devml|| — (A"?[le™] = BY¢|[p™[|) <0

e = /el

|devm|| = \/(desz‘jk;)(devmijk)

devmijr = myjr — géijmaak
1
D% = \oR PR P = e
GPX(m, ™) = [[devm] — (AT eV = BV [p™)

The map of the gradient plastic microgyration tensor and strain-like ISV become

v (3 OGVX OGVX _ devmpnm, n 1 BV, WX
tm.k OMptn, OMypgn, || devm|| 3 lpVX||
. OGVX VX
X — _(AVX — AVXW (5 VX a
,a (7 ) acyx (’7 ) HCVXH

o X = HVXZX

(202)

(203)

(204)

(205)

(206)

(207)

Solving numerically for the increment of mek leads to the solution of the increment of

Vi x> and, in turn, the evolution of the couple stress my;, over time. We see this by taking

the spatial derivative of the microgyration tensor as
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Vimk = Vink + Vi (208)
Uimk = [XlKX[}%n] k

e e e e e e
Uim ke = Vimk — ViaYamk T Vam Viak

Boxes 1 and 2 provide summaries of the stress and plastic evolution equations, respectively,
in symbolic form to solve numerically in time. The details of the symbolic equations have
been provided in index notation in this section. The numerical time integration scheme is
presented in section 2.3.4.
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Box 1. Summary of stress evolution equations in the current configuration in symbolic notation.

b = —(trd®)o + 0+ olT + (A4 7)(trd®)1 + 2(p 4 0)d®
+n(tre®)1 + ke + ve’ (209)
s§—0 = —(trd®)(s—o)+ (s —0)+ (s — )07 + ke + ve® (210)
m = —(trd)m+m+m o 7 4+ m? 4 ¢ o (211)

Box 2. Summary of plastic evolution equations in the current configuration in symbolic notation.

ac\"
P — 2
¢ 'y< aa> (212)
oG devo 1
7 ZBY1 =1t
90 Jdevo] T3 r
Z = A% (213)
aGx \T
P AXx (T
v A <8(s—0)> (214)
0GX dev(s — o) 1 .
— _BXﬂ/f]_: X
ds—0) Jdevs—o)] 3 '
ZX = AV (215)
GV "
P _— (5VX 21
v = 67 (%) (216)
OGVX  devm 1 VXY & pYX _ $Vx
om  |devm| 3 pVX|
. VX
VX = AVWWX)HCVXH (217)
C
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2.5 Numerical Time Integration

The constitutive equations in section 2.3.3 are integrated numerically in time following a
semi-implicit scheme (Moran et al., 1990). We will solve for plastic multiplier increments
A~ and AvX in a coupled fashion (if yielding is detected at both scales; see Box 9), and
multiplier AyVX afterward because it is uncoupled. It is uncoupled because of the
assumption that quadratic terms in equations 110 and 111 were ignored, leading to
uncoupling of the higher order stress m from Cauchy stress ¢ and microstress s, whereas o
and s remain coupled (thus coupling 4 and 4X).

We assume a deformation-driven time integration scheme within a FE program solving the
isothermal coupled balance of linear momentum and first moment of momentum equations
573 and 574, respectively, such that deformation gradient F,,,; and microdeformation
tensor x,.1 are given at time t¢,,1, as well as their increments AF,,.; = F,,.; — F,, and
AXni1 = Xnt1 — Xn- We assume a time step At =t,,.1 —t,. Boxes 3-8 provide summaries
of the semi-implicit time integration of the stress and plastic evolution equations,
respectively, in symbolic form.

o€
To obtain ¥¢ in Box 1 through 7 , we use equation 208 such that

Vv = Vo4 Vr/?
Vv =V [xx']
Ve =4 — 15y + 17 & A°
— 4 =15 — et O~ + Vi — VP (218)

Recall equation 158 which gives the equation for the objective rate of 4¢ as

R N AR OY % (219)

which appears in equation 211 in Box 1, and in Box 4 for the numerical integration. For
V(Xn+1 — Xn) and Vx,41 in Box 4, because y is a nodal DOF in a FE solution and thus
interpolated in a standard fashion, its spatial gradient can be calculated.

Box 9 summarizes the algorithm for solving the plastic multipliers from evaluating the
yield functions at time ¢, 1. It involves multiple plastic yield checks, such that macro
and/or micro plasticity could be enabled, and/or microgradient plasticity. Because the
macro and micro plasticity yield functions F' and F'X, respectively, are decoupled from the
microgradient plastic multiplier 4VX, we solve first for the micro and macroplastic
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multipliers, as indicated by (I) in Box 9, and then for the microgradient plastic multiplier
in (IT) afterward. Once the plastic multipliers are calculated, the stresses and ISVs can be
updated as indicated in Boxes 5-8.

This micromorphic plasticity model numerical integration scheme fit nicely into a coupled
Lagrangian FEformulation and implementation of the balance of linear momentum and
first moment of momentum. Such work is ongoing.
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Box 3. Summary of semi-implicit time integration of Cauchy stress o and

microstress-Cauchy-stress difference (s — o) evolution equations. (@)%

implies the trial value, in

this case the trial stress. Results of the semi-implicit time integration of the plastic evolution

equations in Box 5 are included here.

ony1 = (1—tr(AtdS, ))on + (AL, )on + on(Atl, )" +
(A + 7)tr(Atd;, )1 + 2(p + 0)(Atd;, ) + ntr(Ate;, 1)1
+r(Atel 1) + v(Ated )T (220)
(5= 0)nr1 = (1—tr(Atdy 1))(s = 0)n + (ALl 11)(5 — 0)n + (s — 0)u(Atl5 1) +
r(Ategq)" + v(Ateg ) (221)
Atly = Aty — AU (222)
At€n+1 - (AFn+1)F;}F1
devo™ 1
AP = (A ET)T, B = ——— + -BY1
n+1 ( ’Y +1)(r ) 9 r HdeVO’trH + 3
tr(Atdy, 1) = tr(Atlyy1) — tr(ALE ) = tr(Atly 1) — BY(Avp41)
Atel = At + ALl (223)
Atvy, = Atvpyy — Al
Atvpq = (AXnH)X;h
. . dev(s — o) 1
AP = (A~X X,tr\T' Xotr — By
Vn+1 ( Vn+1)(r ), T [dev(s — o)|| " 3
tr(Atey 1) = tr(Atepgr) — tr(Ateh ) = tr(Atepy1) — Bx’w(A'y;fH)
tr(Ateny1) = tr(Atvpg1) + tr(Atlyy1)
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Box 4. Summary of semi-implicit time integration of higher-order stress m evolution equation.
Results of the semi-implicit time integration of the plastic evolution equations in Box 5 are

included here.

m, = (1 —tr(Atdf,))m, + (At )my, +m, © (Atl )" +my (Atvy )" +
. o€
c:(At Vpiq) (224)
o€
AtV = At + (AL ) s + 5 (A ) + 75 © (Atrg ) (225)
At = (Atvy )y, — (Atufl_H)T Oy + AtVip — AtVuﬁH (226)
AtVVnJrl = V(XnJrl - Xn)X;Jlrl - (Xn+1 - Xn)X;Jlrl(vXnJrl)X;Jlrl (227)
v R
ATV = (AT X)) ETR)T (228)
tr Vx,tr
f.VX,tr _ devm leXﬂ/f]_ ® p X_
[devm®| 3 [Vt
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Box 5. Summary of semi-implicit time integration of plastic evolution equations in the current

configuration.
oG \"
Awﬁﬂ Avptr (ﬁ) (229)
oG devo®™ 1
— _BT,/J]_ _ atr
Dot~ Jdevon]] T3 r
Zn+1 Zn + AwA’Yn_H (230)
Gt = Hnp (231)
acx N\
Aty Ay (m) (232)
0GX _ dev(s—o)" g g
d(s—o) |dev(s—o)t|| 3
ZX, ZX + AV ANY (233)
e = HXZny, (234)
T
v AGVX
sty = @) (G (235)
v t Vx,t
oG = devm™ + EBVXJJJ]_ ® pYer _ f,Vx,tr
om"  |devm®| 3 [PVt
v CVX
VZX,, VZX 4+ AVXY (A7) AT (236)
mn
e = HYWZY, (237)
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Box 6. Elastic-predictor-plastic-corrector form of semi-implicit time integration of stress o

evolution equation in the current configuration.

Ont1 = 07 = (A1) DPT — (A ) DYDY (238)
o = (1 —tr(Atlpy1))on + (Atlyy1)on + on(Atly 1) T + (A + 7)tr (At 1)1 +
2(p + o)sym(Atly11) + 1 [tr(Atvpsr) + tr(Atly11)] 1
5 [Atvpgr + (Al 1)T] + v [(Atvpg)T + Atlyi ] (239)
DP" = —B%, + (") 0, + 0ut" + (A 4+ 7)BY1 + 2(u + o)sym(+7) + nBY1
+rET 4 p(F)T (240)
DYPIT = BXYT 4 k(20T 4yt (241)

Box 7. Elastic-predictor-plastic-corrector form of semi-implicit time integration of

microstress-Cauchy-stress difference (s — o) evolution equation in the current configuration.

(5= 0)nt1 = (5= 0)" = (Aypy1)EPT — (Anpy ) EXPH (242)
(s—0)" = (1 —tr(Atlpy1))(s — ) + (Atlyy1)(s — 0)n + (s — ) (Al 1)

+5 [(Atvp1)" + Atlyi1] +v [Atvq + (Atlyy1)T] (243)

EPY = —BY%s—0),+ @EN (s —0)p + (s — 0)nt" + w(#7)T + vitr (244)

EXPE = gt (ot (245)

Box 8. Elastic-predictor-plastic-corrector form of semi-implicit time integration of higher-order

couple stress m evolution equation in the current configuration.

My = mT — (A ) KPT — (A JKOPT — (Ar) X )KVXPi (246)
m" = (1 —tr(Atlyy1))my, + (Atly 1) m, + m, ® (At£n+1)T + mn(AtVn+1)T

+¢i [(Atvng1)7E — (Atrp1) ©98 + 95 © (Atvpar) + AtV

(At 1) TS + 75 (At )] (247)

KP'" = BYm, + (") "m, + m, ©#" + ¢ "¢ + 42 (37T (248)
KXPE = 00 ! (PO T€ 0 48 4 o ()] (249)
KVontr  _ cz(fvx,‘cr)T (250)
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Box 9. Check for plastic yielding and solve for plastic multipliers.

(TI) solve for macro and micro plastic multipliers Ay and A~X:

Step 1. Compute trial stresses o', (s — )", and trial yield functions F*  FXtr

Step 2. Consider 3 cases:

(i) If F*™ > 0 and FX™ > 0, solve for Avy,41 and AvX,; using Newton-Raphson for
coupled equations:

F(0n+1vcn+1) = F(A’YnJrlyA’Y;(Jrl) =0 (251)
FX((s = 0)ns1s0n41) = FX(Ayny1, Ay 1) =0 (252)

(ii) If F* > 0 and FX" <0, solve for Ay, with AvyX, | = 0 using Newton-Raphson:

F(ont1,cnt1) = F(A’Yn—l—laA%)f-pl =0)=0 (253)

(iii) If F'* < 0 and F*™ > 0, solve for Ay 41 With Av,,11 = 0 using Newton-Raphson:

FX((S - 0')n+1707)§+1) = FX(A'YnJrl = Oa A’yierl) =0 (254)
(IT) solve for microgradient plastic multiplier AyVX, given Ay and AyX:

Step 1. Compute trial stress m* and trial yield function FVX:*
Step 2. If FYXt > 0, solve for A%Y X using Newton-Raphson:

FY(myy1, 00 ) = FYX(AyYY) =0 (255)
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3. Upscaling from Grain-Scale to Micromorphic Elastoplasticity

In the overlapping domain, the continuum-scale micromorphic solution can be calculated as
a partly homogenized representation of the grain-scale solution (figure 6)¥. This is useful
for fitting micromorphic material parameters, and also in estimating DNS material
parameters when converting from micromorphic continuum FE mesh to DNS in a future
adaptive scheme. Thus, a micromorphic continuum-scale field CJ™icromorphic j5 defined as a
weighted average (over volume and area) of the corresponding field (188" at the
grain-scale, which is written as follows:

~ ic.vol def i\ def 1 -
Dmlcromorphlc,vol 1€l <|:|gra1n> 1€l W(T, 9, ﬂ)DgramdU (256)
v w,avg i
v Qavg
Dmicromorphic,area def <Dgram gra1n> déf 1 Dgrainngrainda (257)
a I‘avg Pavs

where (o) denotes the volume-averaging operator, v*» avg 4 devg r,0,9)dv the weighted
average current volume, w(r, #,v) denotes the kernel function (if using spherical coordinates
in 3-D averaging), Q*® is the grain-scale volume averaging domain, (), denotes the
area-averaging operator, and I'*'® is the grain-scale area averaging domain. These averaging
operators are mapped back to the reference configuration, such that the domains Qg® and
[’ are fixed. A length ¢ (approximate diameter of Q*¢ and I'*'8) is a material property
and is directly related to the length scale used in the micromorphic constitutive model.

A macroelement material point (figures 5 and 6) can be characterized as fully overlapping,
non-overlapping, or partly overlapping according to the level of overlapping between the
averaging domain Q®# and the full grain-scale DNS region Q&#" Within the
fully-overlapping averaging domain, the Cauchy stress tensor o™ and vector of ISVs g
at the grain-scale are projected to the micromorphic continuum-scale using the averaging
operators ([ “and ([J¥™") to define the unsymmetric Cauchy stress oy, the
symmetric microstress si;, and the higher order stress my,:

OkiN = <U§§ainniram>a (258)
Skl © <01§ain>v (259)
Mt def <a,g€fam§mn%ram>a (260)
” def < gram>v (261)

TWewould like to acknowledge discussions with his colleague at University of Colorado Boulder (UCB),
Prof. F. Vernerey, regarding the natural built-in homogenization in micromorphic continuum theories of
Eringen (1999); Eringen and Suhubi (1964).
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where it is assumed the variables on the left-hand sides are micromorphic. Kinematic
coupling and energy partitioning determine the percent contribution of grain-scale DNS
and micromorphic continuum FE to the balance equations in the overlapping domain.

A

Figure 6. Two-dimensional illustration of micromorphic continuum homogenization of
grain-scale response at a FE Gauss integration point X in the overlap region.
vEVE implies a RVE if needed to approximate stress from a DE simulation at
a particular point of integration in Q*& for example in Christoffersen et al.
(1981); Rothenburg and Selvadurai (1981).
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4. Coupled Formulation

We consider here the bridging-scale decomposition (Kadowaki and Liu, 2004, Klein and
Zimmerman, 2006, Wagner and Liu, 2003) to provide proper BC constraints on a DNS
region to remove fictitious boundary forces and wave reflections.

4.1 Kinematics

The kinematics of the coupled regions are given, following the illustration shown in figure 2.
It is assumed that the micromorphic continuum-FE mesh covers the domain of the problem
in which the bound particulate mechanics not significantly dominant, whereas in regions of
significant grain-matrix debonding or intra-granular cracking leading to a macro-crack, a
grain-scale mechanics representation is used (grain-FE or grain-DE-FE). Following some of
the same notation presented in Kadowaki and Liu (2004), Wagner and Liu (2003),
grain-FE displacements in the system in the current configuration B are defined as

v v

Q:[qaaqﬂa"wqw]T? 05767"'776"4 (262)

where q, is the displacement vector of grain-FE node «, and A is the set of all grain-FE
nodes. The micromorphic continuum-FE nodal displacements d, and
microdisplacement-gradients ¢4 (see below for x" = 1 + ®" (Eringen 1968)) are written as

f) = [da7db7”'7d07¢d7 ¢e7“'7¢f]T (263)
a,b,...,ce./\u/', d,e,...,fEM

where d, is the displacement vector at node a, ¢, is the microdisplacement-gradient matrix
at node d, N is the set of all nodes, and M is the set of FE nodes with
microdisplacement-gradient DOF's, where typically M c N. In order to satisfy the BCs for
both regions, the motion of the grain-FE nodes in the overlap region (referred to as
“ghost” grain-FE nodes, figure 2) is prescribed by the micromorphic continuum
displacement and microdisplacement-gradient fields, and written as Q € ./Zl\, while the
unprescribed (or free) grain-FE nodal displacements are Q € A, where AUA=Aand
ANA=0. The displacements and microdisplacement-gradients of continuum-FE nodes
overlaying the grain-FE are driven by the grain-FE motion (also through the averaging
shown in figure 6) and written as D € N, M, while the unprescribed (or free) nodal
displacements and microdisplacement-gradients are D € N, M, where
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In general, the displacement vector of a grain-FE node « can be represented by the FE
interpolation of the continuum macro-displacement field u" and
microdisplacement-gradient field " (where x" = 1 + ®" (Eringen, 1968)) evaluated at the
grain-FE node in the reference configuration X, such that

u"(X,,t) = Z N*(X . ®"bX..t)=> N (Xa)ow(t) acA (264)

beM

where N* are the shape functions associated with the continuum displacement field u”,
and N the shape functions associated with the continuum microdisplacement-gradient
field ®". Recall that N* and N have compact support and thus are evaluated only for
grain-FE nodes that lie within a micromorphic continuum element containing nodes a and
b in its domain. The displacement of a microelement (figure 3) can be written as

u(X, B t) = X(X,E 1) - X'(X,B)

= x(X,t)+¢X,Ejt) - X - E
= x(X,t) - X+¢(X,E, 1) -
u(X.1) WX E
= u(X,?)+ x(X,t) —1]E
®(X,t)
= u(X,t) + ®(X,t)E (265)

where we used the definition y = 1 4+ ® (Eringen, 1968) to put the form of
microdeformation tensor y similar to the deformation gradient F = 1 4+ 0u/0X. The
prescribed displacement of ghost grain-FE node a can then be written as

Qo (t) = ()" (Xa, Ba, t) = 0"(Xo, t) + (X0, )y a € A (266)

where =, is the relative position of grain-FE node a from a micromorphic continuum
point. The choice of this continuum point could be either a continuum-FE node or Gauss
integration point. This will be investigated in the multiscale implementation. The influence
of the microdisplacement-gradient tensor ®" in the overlap region on the ghost grain-FE
nodal displacement could, through specific micromorphic viscoelastic constitutive relations
for x¢, act to “damp out” high-frequency waves propagating through the fine mesh
grain-FE region to the overlap/coupling region. The partitioning of potential and kinetic
energies between grain-FE and micromorphic-continuum-FE systems within the overlap
region will be dependent on the grain-FE equations of the bound particulate system and
the micromorphic continuum-FE equations of the continuum system.
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For all ghost grain-FE nodes, the interpolations can be written as

A~

Q=Ngp-D+Ngp-D (267)

where N@ p and N@ p are shape function matrices containing individual nodal shape
functions N* and N, but for now these matrices are left general to increase our flexibility
in choosing interpolation/projection functions (such as those used in meshfree methods).
Overall, the grain-FE displacements may be written as

BRI

where Q' is introduced (Klein and Zimmerman, 2006) as the error (or “fine-scale” (Wagner
and Liu, 2003)) in the interpolation of the free grain-FE displacements Q, whose function
space is not rich enough to represent the true free grain-FE nodal motion. The shape
function matrices N are, in general, not square because the number of free grain-FE nodes
are not the same as free micromorphic-FE nodes and prescribed nodes, and number of
ghost grain-FE nodes not the same as prescribed and free micromorphic-FE nodes. A
scalar measure of error in grain-FE nodal displacements is defined as (Klein and
Zimmerman, 2006)

ce=Q-Q (269)

which may be minimized with respect to prescribed continuum micromorphic-FE nodal
DOFs D to solve for D in terms of free grain-FE nodal DOFs and micromorphic
continuum FE nodal DOFs as

D=M:LN"_(Q—-NgpD), Mpp = NgBNQE) (270)
This is known as the “discretized Lo projection” (Klein and Zimmerman, 2006) of the free
grain-FE nodal motion Q and free micromorphic-FE nodal DOFs D onto the prescribed
micromorphic-FE nodals DOF's D. Upon substituting equation 270 into equation 267, we
may write the prescribed grain-FE nodal DOFs Q in terms of free grain-FE nodal Q and
micromorphic-FE nodal D DOFs. In summary, these relations are written as

B@QQ + B@DD (271)
= BEQQ+B5DD (272)

o O
|
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where

Bs, = NgpBpg (273)
By, = Ngp+NgpBpp (274)
By, = M;LNg5 (275)
Bpp = —MpzNgsNop (276)

As shown in figure 2, for a FE implementation of this DOF coupling, we expect that free
grain-FE nodal DOFs Q will not fall within the support of free micromorphic continuum
FE nodal DOF's D, such that it can be assumed that Ngp = 0 and

Q = By,Q+B;,D (277)
D = Bp,Q (278)
where
Bs, = NgpBpo (279)
B;, = Nj (280)
_ —1 T
By, = M;LNJ; (281)
Bpp = 0 (282)

The assumption Ngp # 0 would be valid for a meshfree projection of the grain-FE nodal
motions to the micromorphic-FE nodal DOFs, as in Klein and Zimmerman (2006), where
we could imagine that the domain of influence of the meshfree projection could encompass
a free grain-FE node; the degree of encompassment would be controlled by the chosen
support size of the meshfree kernel function. The choice of meshfree projection in Klein
and Zimmerman (2006) was not necessarily to allow Q be projected to D (and vice versa),
but to remove the computationally costly calculation of the inverse 1\/[55 in equations 271
and 272. Since we will also be using the TAHOE code for the coupled multiscale
grain-FE-micromorphic-FE implementation, where the meshfree projection has been
implemented for atomistic-continuum coupling (Klein and Zimmerman, 2006), we will also
consider the meshfree projection in the future.

FE Balance Equations:
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Following standard FE methods to formulate the nonlinear dynamic matrix FE equations,
using the DOF's defined in the previous section, the balance of linear momentum for the
grain-scale FE is

MCQ + FINT'Q(Q) = FEXTQ (283)

where M@ is the mass matrix (lumped or consistent (Hughes, 1987)), FINT:Q(Q) is the
nonlinear internal force vector, and FEXTQ is the external force vector (which could be a
function of Q, but here such dependence is not shown).

For the balance of linear momentum and balance of first moment of momentum in equation
57, the weak form can be derived following the method of weighted residuals in Hughes
(1987) (details not shown), the Galerkin form expressed, and then the FE matrix equations
written in coupled form as

M”D + F'"P(D) = FPXP (284)

where MP” is the mass and microinertia matrix, F/~7*?(D) the nonlinear internal force
vector, FEXT:D the external force vector, and D = [d ¢]” is the generalized DOF vector for

the coupled micromorphic FE formulation.

These FE equations can be written in energy form to make the partitioning of energy in
the next section more straightforward. For the FE matrix form of balance of linear
momentum at the grain-scale, we have

d (9T?\ oT9 N U _ Lpxrg (285)
dt \ 9Q oQ 0Q

where T is the kinetic energy and U% the potential energy, such that

1. .
T = 5QMQQ

ve@ = [ ETes)as

0

Carrying out the derivatives in equation 285, and using the Second Fundamental Theorem
of Calculus for QU /0Q, leads to equation 283. Likewise, for the coupled micromorphic
balance equations, we have the energy form
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d (oTP\ oTP N U _ cexrp (256)
dt \ oD oD oD

where TP is the kinetic energy and UP is the potential energy, such that
1

TP = 5DMDD

UP(D) = /DF”VT’D(S)dS

0

4.2 Partitioning of Energy

We assume the total kinetic and potential energy of the coupled
grain-FE-micromorphic-FE system may be written as the sum of the energies

>(Q)) (287)
(Q)) (283)

Q. D) + T (D,
(Q,D)) +U”(D,

QD) = T9Q,
UvQD) = U%Q

where we have indicated the functional dependence of the prescribed grain-FE nodal DOF's
and micromorphic-FE nodal DOFs solely upon the free grain-FE nodal DOFs and
micromorphic-FE nodal DOFs Q and D, respectively. Lagrange’s equations may then be
stated as

d(aT) OT U _ Lpxrg

a\oQ) 9Q aQ
A (OT\ T 0U _ ppxrp
dt (aD) oD "D " (289)

which lead to a coupled system of governing equations (linear and first moment of mo-
mentum) for the coupled grain-FE-micromorphic-FE mechanics. Details of the derivatives,
partitioning coefficients, and numerical examples will follow in a future report and journal
articles.
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5. Conclusion

5.1 Results

The schematic for a concurrent multiscale computational modeling approach for simulating
dynamic fracture in bound particulate materials was presented that accounts for
grain-scale micro-cracking influences on macroscale fracture. Details of a finite strain
micromorphic pressure-sensitive Drucker-Prager elastoplastic constitutive model were
presented, as well as its semi-implicit numerical integration. The approach for coupling
grain-scale FE equations to the macroscale micromorphic FE equations was presented.

5.2 Conclusions

A three-level (macro, micro, and microgradient) micromorphic pressure-sensitive plasticity
model provides additional flexibility in coupling with grain-scale mechanics in an
overlapping region (figure 1.2) for attempting to account for influences of grain-scale
micro-cracking on macroscale fracture nucleation and propagation under dynamic loading
of bound particulate materials. The thorough formulation of the finite strain micromorphic
elastoplastic constitutive equations in the context of nonlinear micromorphic continuum
mechanics has been established, allowing the multiscale framework to stand on a firm
footing, which heretofore was not presented in the literature.

5.3 Future Work

Future work will involve completing the FE implementation of the finite strain
micromorphic pressure-sensitive Drucker-Prager plasticity model, and coupling it via an
overlapping region to the grain-scale FE mesh where a projectile may impact a bound
particulate materials target (figure 2).
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Appendix A. Derivation of F’

The formulation of equation 5 is presented in this appendix, using direct notation. To
start, we recognize that

ox'  ox' 90X
F' = = — A-1
oxX’  0X oX’ (A-1)
ox’ dx 0=
— =F+ == — A-2
X - TaxT TYax (A-2)
and
0X 0=
ox T X (A-3)
It is possible to show that 0=/0X’ ~ 02 /0X, starting with
02 020X
X' IX IX! (A-4)
which using equation A-3 leads to
0= _(, 0=\ o= )
oxX’ oX ) 0X

Assuming the gradient of microstructural internal length is small, [[0Z/0X|| < 1 for the
region of interest where the micromorphic continuum model is used, then

o=\ ! o=
14— ~1—-— A-
(+ax) B (A-6)

where then

OE _( aa) 0E 0=

x ~\!7ax) ax T ax (A7)

The expression for F/ then results as in equation 5.
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Appendix B. Another Set of Elastic Deformation Measures

Here, another set of elastic deformation measures, from equation 1.5.11 in (Eringen, 1999),
are considered as

Xi = XewXir » Tio = X maFar » Wi = X go Xozmt (B-1)
Thus, the Helmholtz free energy function is written as

ﬁw( ;%E?T%‘fnﬁ%f]\?[? K> ;(‘(a ;%E?e) (B_Q)

and the constitutive equations for stress result from equations 82 - 84 as

1 re—1
KL — 8?;-(5 BkF Lk (B—3)
S e 19(00) me
e—1 e—1
B
v a ﬁiz e— e—
KL = aéiMlX " F T (B-5)

where T%}(l = et kX5 5 Lhese stress equations take a somewhat simpler form than in
equations 91 - 93. Thus, it becomes a choice of the modeler how the specific constitutive
form of the elastic part of the Helmholtz free energy function is written, i.e. in terms of
equation 90 or equation B-2. Eringen (1999) advocated the use of equation B-2 for
micromorphic elasticity, whereas Suhubi and Eringen (1964) used equation 90. We use
equation 90.

79


carol.lee.johnson
Stamp


INTENTIONALLY LEFT BLANK.

80



Appendix C. Deformation Measures

It was mentioned that the change in the square of microelement arc-lengths (ds’)? — (dS’)?
should include only three unique elastic deformation measures (the two sets proposed by
Eringen (1999) and considered in this report for finite strain elastoplasticity). Here, we

write directly

where

Then

and

dry, = F{pdX g + XZR,EEROZXE + XZRX%KLEKCZXE + Xird=k

(ds")?

(ds')? = dx'dx' = da'pd2'),

[Chr + 2s5ym(T%52)25 + 05 42C5 i Dias
P

+2sym (U eBEC%_C'IF%‘AKXEE,Z) =4Sk
+@%DC§;§1@%E X%D,f( XER,[ =D=E
+2sym (U %EX%E,Z)EE} dX zdX;
+2 [ Wi + V5050 TearEa

+95rC%% Vb Xbp i ED} dXd=}

+ U505 U5 ] dEgdEs

(dS”)Q = dXpdX gz 4+ 2dXpdZ5 + d2gd= 5

(C-1)

(C-4)

It can be seen that the first set in equation 89 appears exclusively as elastic deformation in
equation C-3; there are also some plastic terms, which do not appear in equation 1.5.8 in
Eringen (1999). Equation C-3 could likewise be expressed in terms of the elastic set in

equation B-1. But one or the other set is unique, as outlined by Eringen (1999) for

micromorphic elasticity, here put into context for finite strain micromorphic elastoplasticity.
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